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r(t) r(t)
f(t) f(t)
r(t) 6= 0 f(t) 6= 0
|r(t)| > γ f(t) 6= 0
γ
Actionneurs Système Capteurs
y(t)u(t)
Générateur de résidu
Logique de désicion
nature, valeur du défaut
f(t) d(t)
H2/H∞ H−/H∞ H∞/H∞
H−/H∞
H∞ H− H∞
H−/H∞
H−/H∞
H∞
H−
H−
H−/H∞
H−/H∞
H−/H∞
H∞
H∞
H∞
H∞
H∞
H−/H∞ H∞
f : Rn×Rm 7→ Rn g : Rn×Rm 7→ Rl
{
ẋ(t) = f(t, x(t), u(t))
y(t) = g(t, x(t), u(t))
x(t) X ⊂ Rn u(t)
U ⊂ Rm y(t)
Y ⊂ Rl
f(.) g(.)
A ∈ Rn × Rn B ∈ Rn × Rm C ∈ Rl × Rn D ∈ Rl × Rm
{
ẋ(t) = Ax(t) +Bu(t)
y(t) = Cx(t) +Du(t)
{
x(k + 1) = Ax(k) +Bu(k)
y(k) = Cx(k) +Du(k)
G(.) = y(.)
u(.)
G(s) = D + C(sI −A)−1B ,
G(z) = D + C(zI −A)−1B ,
A,B,C,D G(s) G(z)
G(s) ,
[
A B
C D
]
(xe, ue)
δx(t) δu(t)
x(t) = xe(t) + δx(t)
u(t) = ue(t) + δu(t)
(δx, δu)
dδx
dt
=
(
∂f(x, u)
∂x
)∗
δx+
(
∂f(x, u)
∂u
)∗
δu
(∗) (xe, ue) A B
C D
A = ∂f(x,u)
∂x
∣
∣
∣
x = xe
u = ue
, B = ∂f(x,u)
∂u
∣
∣
∣
x = xe
u = ue
,
C = ∂g(x,u)
∂x
∣
∣
∣
x = xe
u = ue
, D = ∂g(x,u)
∂u
∣
∣
∣
x = xe
u = ue
.
Td
Ad = e
AckTd
Bd = A
−1
c (e
AckTd − I)BcTd
Cd = Cc
Dd = Dc
eAckTd = In + TdAc
Td
Ad = In + TdAc
Bd = TdBc
Cd = Cc
Dd = Dc
A ∈ Rn×m B ∈ Rp×q
A⊗B =
[
AijB
]
ij
=



a11B . . . a1mB
an1B . . . anmB



M M = A + BCD A C
[A+BCD]−1 = A−1 −A−1B
[
DA−1B + C−1
]−1
DA−1
n × n ∀u ∈ Rn
uTFu ≻ (≺)0
G(s)
G
ω |G(jω)|
G(jω)
σi (G(jω)) :=
√
λi(G(jω)G(jω)∗)
i=1.. (m,l)
=
√
λi(G(jω)G(−jω)T )
i=1.. (m,l)
σ(G(jω)) σ(G(jω))
σ(G(jω)) ≥ σ1(G(jω)) ≥ σ2(G(jω)) ≥ · · · ≥ σ(G(jω))
l = m = 1
σ(G(jω)) = σ(G(jω)) = |G(jω)|
u(t) y(t)
σ(G(jω)) ≤ ‖y(jω)‖2‖u(jω)‖2
≤ σ(G(jω))
L∞
L∞ C C 7→ C
f(jω) ∀ω ∈ R
sup
ω∈R
σ[f(jω)]
H2
H2 e(t) L2
H2
‖e(t)‖2 =
∫∞
0 e(τ)
T e(τ)dτ
H∞ RH∞
H∞ L∞
f(jω) ∀ω ∈ R Re(jω) > 0
H∞
RH∞
H∞
H∞ RH∞
L2 L2
w(t) z(t) H∞
‖G(s)‖∞ = sup
ω∈R
σ(G(jω))
= sup
ω∈H2
‖z(s)‖2
‖w(s)‖2
= max
ω∈L2
‖z‖2
‖w‖2
H−
H−
[ω, ω]
[0,∞]
H− G(s)
‖G(s)‖[ω,ω]− = inf
ω∈[ω,ω]
σ(G(jω))
ω ω ∞
x ∈ Rn
F (x) = F (0) +
m
∑
i=1
Fixi ≻ (≺)0
Fi = F
T
i ∀i ∈ {1, ..,m}
ẋ(t) = Ax(t) V (t) = xT (t)Px(t)
V (t) > 0 V̇ (t) < 0
xTPx > 0
xT (ATP + PA)x < 0
F (P ) =
[
−P 0
0 ATP + PA
]
≺ 0
P = P T F (P ) ≺ 0 P
F (x) ≺ 0 x
xopt
P Q M
[
P M
MT Q
]
≺ 0
⇔
{
Q ≺ 0
P −MQ−1MT ≺ 0
⇔
{
P ≺ 0
Q−MTP−1M ≺ 0
P −MQ−1MT Q
Ψ N θ M
Φ+MT θTN +NT θM < 0
WX X
θ
W TMΨWM < 0
W TNΨWN < 0
X Y ∆ ∆T∆ < I
α > 0
XT∆Y + Y T∆X ≤ αXTX + 1
α
Y TY
X = XT Y = Y T ∈ Rn×n X > 0 Y > 0
X2, Y2 ∈ Rn×m X3, Y3 ∈ Rm×m
[
X X2
XT2 X3
]
≺ 0
[
X X2
XT2 X3
]−1
=
[
Y Y2
Y T2 Y3
]
[
X I
I Y
]
≻ 0
[
X I
I Y
]
≤ n+m
[
X I
I Y
]
≻ 0 (I −XY ) ≤ m
A
A
P > 0
ATP + PA < 0
ATPA− P < 0
ti
xi ti tf ti u(t)
[ti, tf ] xi ∀t1
C(B,A) =
[
B AB A2B . . . An−1B
]
C(B,A)) = nC
(B,A)
nC
nC = n
(B,A)
(B,A)
ti
xi ti tf ti y(t)
u(t) [ti, tf ] xi
O(A,C) =








C
CA
CA2
CAn−1








O(A,C)) = nO (A,C)
P
PAP−1 =
[
A11 0
A21 0
]
, CP−1 =
[
C1 0
]
,
A11 nO × nO nO < n C1 l × nO A21 (n− nO)×
(n− nO)
nO
nO = n
C(sI −A)−1B = 0, ∀s ∈ C B
[
sI −A
C
]
= n, ∀s ∈ C.
(A,C)
(A,C)
0 < γ <∞
A ‖G(s)‖∞ < γ
P = P T > 0
[
PA+ATP + CTC PB + CTD
⋆ DTD − γ2I
]
< 0
P



PA+ATP PB CT
⋆ −γI DT
⋆ ⋆ −γI



< 0
S S = P−1



AS + SAT B SCT
⋆ −γI DT
⋆ ⋆ −γI



< 0
V = xTPx
V > 0 V̇ < 0 H∞ y
T y < γ2uTu
xTPx > 0
ẋTPx+ xTPẋ+ yT y − γ2uTu < 0
P S γ
P γ∞ H∞
G(s)
P, γ
γ ∈ R+
=
P, γ
γ ∈ R+
=
S, γ
γ ∈ R+
= ‖G(s)‖∞ = γ∞
P S γ



ATPA− P BTPA CT
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⋆ ⋆ −γI



< 0
D
D = {z ∈ C : L+ zM + z̄MT < 0}
L M LT = L
fD = L+ zM + z̄M
T
D DR
DR = {z ∈ C : R11 +R12z +RT12z̄ +R22zz̄ < 0}
R22
A ∈ Rn×n
A DR
A
P
R11 ⊗ P +R12(PA) +RT12 ⊗ (ATP ) +R22 ⊗ (ATPA) < 0
• R11 = 0 R12 = 1 R22 = 0
• R11 = −1 R12 = 0 R22 = 1
• Re(z) ≤ −δ
R11 = 2δ R12 = 1 R22 = 0
• 2φ
ξ = (φ) R11 = 02×2 R12 =
[
(φ) (φ)
− (φ) (φ)
]
R22 = 02×2
(l < n)
t x(t)
x(t)
ΣLTI :
{
ẋ(t) = Ax(t) +Bu(t)
y(t) = Cx(t)
y(t)← y(t)−Du(t)
x(t)
OBSV
OBSV :
{
ż(t) = Fz(t) + Ju(t) + Ly(t)
w(t) = Mz(t) +Ny(t)
x(t) ∈ Rn u(t) ∈ Rm y(t)Rl
z(t) ∈ Rq
Tx(t) w(t)
e(t) = Tx(t)− z(t) 0
lim
t→∞
e(t) = Tx(t)− z(t) = 0
x(t)
z(t) = x̂(t) x̂(t) x(t)
˙̂x(t) = Ax̂(t) +Bu(t) + L(y(t)− ŷ(t))
ŷ(t) = Cx̂(t)
L(y(t) − ŷ(t)) L
˙̂x(t) = (A− LC)x̂(t) +Bu(t) + Ly(t)
x̃(t) = x(t) − x̂(t)
˙̃x(t) = (A− LC)x̃(t)
x̃(0) = x(0)− x̂(0)
x̃(t) = e(A−LC)tx̃(0)
0 t t = 0 x̃(0) 6= 0
x(0) = x̂(0)
x̃(t) −→ 0 t −→ ∞
L
A − LC
(A,C)
(A,C)
A− LC (A,C)
L
A−LC
L
L
n− l
C
x(t)
C =
[
C1 C2
]
, x =
[
x1
x2
]
,
(C1) = l C1 ∈ R
l×l x1 ∈ R
l×l
C1) = l x̄(t) = Px(t)
P =
[
C1 C2
0n−l,l In−l,l
]
,
ΣLTI :
{
˙̄x(t) = Āx̄(t) + B̄ū(t)
ȳ(t) = C̄x̄(t)
Ā = PAP−1 B̄ = PB C̄ = CP−1
C
x(t)
A =
[
A11 A12
A21 A22
]
, B =
[
B1
B2
]
,
C =
[
Il 0
]
, x(t) =
[
x1
x2
]
.
ẋ1(t) = A11x1(t) +A12x2(t) +B1u(t)
ẋ2(t) = A21x1(t) +A22x2(t) +B2u(t)
y(t) = x1(t)
l (y(t) = x1(t)) x1(t)
x1(t)
ξ(t) x2(t)
u(t)
ξ(t) = ẋ1(t)−A11x1(t) = A12x2(t) +B1u(t)
x2(t) v(t)
v̇(t) = A21x1(t) +A22v(t) +B2u(t) +K[ξ(t)− ξ̂(t)]
x1(t) = y(t)
ξ(t) = A12v(t) +B1u(t)
ξ(t) y(t)
z(t)
z(t) = v(t)− Ly(t)
z(t)
ż(t) = v̇(t)− Lẋ1(t)
= A21x1(t) +A22v(t) +B2u(t)− L[A11x1(t) +A12v(t) +B1u(t)]
z(t) = v(t) − Ly(t) y(t) = x1(t)
ż(t) =Fz(t) + Ju(t) + L1y
F =A22 − L1A12
J =B2 − L1B1
L1 =A21 +A22L− LA11 − LA12L
q = n − l
x2(t) v(t)
v(t) =z(t) + Ly
e(t) e(t) = x2(t)− v(t) e(t)
ė(t) = Fe(t)
F = A22 − LA12
F
(A22, A12) F
L
(A,C) (A22, A12)
(A,C) (A22, A12)
(A,C)
∀s ∈ C,
[
sI −A
C
]
=


sI −A11 −A12
−A21 sI −A22
Il 0

 = n
∀s ∈ C,=
[
A12
sI −A22
]
= n− l
(A22, A12)
ż(t) =Fz(t) + Ju(t) + L1y
F J L x̂1 x̂2
x1 x2
x̂1(t) = C
−1
1 [(I − C2L)y(t)− C2z(t)]
x̂2(t) = z(t) + Ly(t)
H−/H∞
ẋ(t) = Ax(t) +Bu(t) + Edd(t) + Eff(t)
y(t) = Cx(t) +Du(t) + Fdd(t) + Fff(t)
Système
Observateur
ŷ
y
u
d
f
r
Générateur de résidu
A ∈ Rn×n B ∈ Rn×m Ed ∈ R
n×nd Ef ∈ R
n×nf C ∈ Rl×n D ∈ Rl×m Fd ∈ R
l×nd
F ∈ Rl×nf d ∈ Rnd f ∈ Rnf
[
sI −A Ef
C Df
]
= n+ nf , ∀s ∈ C.
d(t) f(t)
r(t)





˙̂x = Ax̂+Bu+ L(y − ŷ)
ŷ = Cx̂+Du
r = y − ŷ
‖rd‖2 < γ ‖d‖2
‖rf‖2 > β ‖f‖2
x̃ = x− x̂
˙̃x = Ax+Bu + Edd+ Eff −Ax̂−Bu− LCx̃− LFdd− LFff
= (A− LC)x̃+ (Ed − LFd)d+ (Ef − LFf )f
r = Cx̃+ Fdd+ Fff
{
˙̃x = A∗x̃+ E∗dd+ E
∗
ff
r = Cx̃+ Fdd+ Fff
A∗ = A− LC E∗d = Ed − LFd E
∗
f = Ef − LFf
Trd Trf
Trf (s) = C(sI −A
∗)−1E∗f + Ff
Trd(s) = C(sI −A
∗)−1E∗d + Fd
H∞ H−
‖Trd‖∞ < γ
‖Trf‖− > β
H−/H∞ L γ
β
(A,C)
H∞
γ ∈ R+
‖rd‖2 < γ ‖d‖2
γ ∈ R+
‖Trd(s)‖∞ < γ
γ ∈ R+ L P > 0
[
P (A− LC) + (A− LC)TP + CTC P (Ed − LFd) + C
TFd
⋆ F Td Fd − γ
2I
]
< 0
γ ∈ R+ U P > 0
[
PA+ATP + UC + CTU + CTC PEd + UFd + C
TFd
⋆ F Td Fd − γ
2I
]
< 0
L = −P−1U
γ ∈ R+ U P > 0



PA+ATP + UC + CTU PEd + UFd C
T
⋆ −γ2I F Td
⋆ ⋆ −I



< 0
L = −P−1U
H∞
‖rd‖2 < γ ‖d‖2 ⇔
‖rd‖2
‖d‖2
< γ,
‖Trd(s)‖∞ = sup
d∈Rnd
‖rd‖2
‖d‖2
< γ
V > 0 V̇ < 0 V |f=0 = x̃
TPx̃ P > 0
V̇ < 0
rTd rd − γ
2dT d < 0
V̇ + rTd rd − γ
2dT d < 0
⇔ ˙̃xTPx̃+ x̃TP ˙̃x+ rTd rd − γ
2dT d < 0
[
x̃
d
]T [
PA∗ +A∗TP + CTC PE∗d + C
TFd
⋆ FTd Fd − γ
2I
] [
x̃
d
]
< 0
∀
[
x̃
d
]
6= 0
[
PA∗ +A∗TP + CTC PE∗d + C
TFd
⋆ FTd Fd − γ
2I
]
< 0
U = −LP
H− Ff
β ∈ R+
‖rf‖2 > β ‖f‖2
β ∈ R+
‖Trf (s)‖− > β
β ∈ R+ L P
[
P (A− LC) + (A− LC)TP − CTC P (Ef − LFf )− C
TFf
⋆ β2I − F Tf Ff
]
< 0
L = −P−1U
β ∈ R+ U P
[
−PA− UC + CTC −ATP − CTU −PEf − UFf + C
TFf
⋆ F Tf Ff − β
2I
]
> 0
L = −P−1U
V̇ |d=0 − r
T
f rf + β
2fT f < 0
P
H−
H−/H∞ H∞ P
H−
lim
ω→∞
G(jω) = lim
ω→∞
(C(jωI −A)−1B +D) = D
D = 0
H−
L
H−
β
DTD ≥ β2I L DTD−β2I
Système
Observateur
ŷ
y
u
d
f
r
Générateur de résidu
Wf
r̃ r̄
Dadd
H−/H∞
f = 0
f << ∞
H−/H∞
H∞
σ(G(jω)) = 0
σ(G(jω))
L
β [0, ω] H−
H−
Ff = 0 Trf (s)
β = 0
|G(jω)|
Dadd
σ(G(jω)+Dadd) > 0 β = Dadd
H−
Wf
Wf (s) =
(
s/ω1 + 1
s/ω2 + 1
)m
ω1 < ω2 m
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Gains des diffèrents transferts
Fréquence (rad/s)
G
a
in
(d
B
)
Trf (s)
Trf (s) +Dadd
(Trf (s) +Dadd)Wf(s)
H−
Dadd Wf (s)
Tr̄f (s) =
r̄(s)
f(s)
Trf (s) =
r(s)
f(s)
Dadd << 1 Wf (jω)|ω<ω1 = 1
Tr̄f (s)|ω<ω1 = Trf (s)|ω<ω1 = C(sI −A+ LC)
−1Ef + Ff
Wf (s) :=
[
AF BF
CF DF
]
Wf
˙̂x = Ax̂+Bu+ L(y − ŷ)
ŷ = Cx̂+Du
r̃ = (y − ŷ) +Daddf
ẋF = AFxh +BF r̃
r̄ = CFxh +DF r̃
x̃
[
˙̃x
ẋF
]
=
[
A− LC 0
BFC AF
][
x̃
xh
]
+
[
Ed − LFd
BFFd
]
d+
[
Ef − LFf
BF (Ff +Dadd)
]
f
r̄ =
[
DFC CF
]
[
x̃
xF
]
+
[
DFFd
]
d+
[
DF (Ff +Dadd)
]
f
xa =
[
x̃T xTF
]T
ẋa = Aaxa + Eadd+ E
a
ff
r̄ = Caxa + F ad d+ F
a
f f
Aa =
[
A− LC 0
BFC AF
]
, Eaf =
[
Ef − LFf
BF (Ff +Dadd)
]
, Ead =
[
Ed − LFd
BFFd
]
Ca =
[
DFC CF
]
, F af = DF (Ff +Dadd) F
a
d = DFFd
Ff =
[
Ff1
0
]
Dadd =
[
0
εI
]
H− H∞
Tr̄f :=
[
Aa Eaf
Ca F af
]
, Tr̄d :=
[
Aa Ead
Ca F ad
]
H−/H∞
H−/H∞
γ β Ua
P a > 0




P aA0 +A
T
0 P
a + UaC0
+CT0 U
aT + CaTCa
P aEd0 + U
aFd
+CaTDad
⋆ DaTd D
a
d − γ2I




< 0




−P aA0 −AT0 P a − UaC0
−CT0 UaT + CaTCa
−P aEf0 − UaFf
+CaTDaf
⋆ DaTf D
a
f − β2I




> 0
H∞
A0, Bf0, Bd0, C0 I0
A0 =
[
A 0
BFC AF
]
, C0 =
[
C 0
]
, I0 =
[
−I
0
]
Ed0 =
[
Ed
BFFd
]
Ef0 =
[
Ef
BF (Ff +Dadd)
]
L = IT0 (P
a)−1Ua
Tr̄d



P aAa + CaTCa P aEad
+AaTP a +CaTDad
⋆ DaTd D
a
d − γ2I



< 0
Aa Ead
P aAa = P a
[
A 0
BFC AF
]
+ P a
[−I
0
]
L
[
C 0
]
P aEad = P
a
[
Ed
BFFd
]
+ P a
[−I
0
]
LFd






P a(A0 + I0LC0)
+(A0 + I0LC0)
TP a
+CaTCa
P a(B0
+I0LFd)
+CaTDad
⋆ DaTd D
a
d − γ2I






< 0
Ua = P aI0L
H∞
H∞
H∞
H∞
H∞
r u y
du dy
η
ε
G(s) K(s)
u(s) y(s)
u(s) = (1 +G(s)K(s))−1(K(s)r(s)−K(s)dy(s)
−K(s)η(s) +K(s)G(s)du(s))
y(s) = (1 +G(s)K(s))−1(G(s)K(s)r(s) + dy(s)
−G(s)K(s)η(s) +G(s)du(s))
S(s) , (1 +G(s)K(s))−1
T (s) , 1− S(s) = (G(s)K(s)(1 +G(s)K(s))−1
KS(s) , K(s)(1 +G(s)K(s))−1
SG(s) , (1 +G(s)K(s))−1G(s)
u(s) = KS(s)r(s)−KS(s)dy(s)−KS(s)η(s)− T (s)du(s))
y(s) = T (s)r(s) + S(s)dy(s)− T (s)η(s) + T (s)G(s)du(s))
T (s) = y(s)
r(s)
= −y(s)
η(s)
=
u(s)
du(s)
S(s) = y(s)
dy(s)
= 1− T (s) = ε(s)
r(s)
KS(s) = u(s)
r(s)
= − u(s)
dy(s)
= −u(s)
η(s)
SG(s) = y(s)
du(s)
u
du dy
yεr
Contrôleur K∞ Système Σ t
η
H∞
u
du dy
yεr
Contrôleur K∞ Système Σ t
η
We eε
H∞
S(s)
We
eε
S(s) We(s)
|S(s)| ≤
∣
∣
∣
∣
1
We(s)
∣
∣
∣
∣
∀s
‖We(s)S(s)‖∞ ≤ 1
∥
∥
∥
∥
∥
We(s)S(s) WT (s)T (s)
Wu(s)KS(s) WSG(s)SG(s)
∥
∥
∥
∥
∥
∞
≤ 1
S(s) KS(s)
u
du dy
yεr
Contrôleur K∞ Système Σ t
η
We eε
Wu eu
u
∥
∥
∥
∥
∥
We(s)S(s)
Wu(s)KS(s)
∥
∥
∥
∥
∥
∞
≤ 1
H∞
H∞
P (s)
w
u e
y
wT =
[
r dTu d
T
y
]T
zT =
[
ε uT
]T
ys = ε us = u
WI WO
WI WO
WI = I
WO = (We,Wu)
P P ′
P (s) :=





ẋ(t) = Ax(t) +Bww(t) +Buu(t)
z(t) = Czx(t) +Dwzw(t) +Duzu(t)
y(t) = Cyx(t) +Dwyw(t) +Duyu(t)
K
K(s) :=
{
ẋK(t) = AKxK(t) +BKys(t)
us(t) = CKxK(t) +DKys(t)
x ∈ Rn w ∈ Rnw us ∈ Rnu z ∈ Rnz ys ∈ Rny xK ∈ RnK
H∞ w
z H∞
Tzw(s)
‖Tzw(s)‖∞ < γ∞
P (s)
K(s)
usys
z w
H∞
H∞
P (s)
K(s)
usys
z̄ WI(s)w̄ wWO(s)z
P’
H∞
Tzw(s) Ll(P (s),K(s))
P (s),K(s) F(P (s),K(s))
H∞
K γ∞
H∞
H∞
H∞
F(P (s),K(s))
(A,Bu)
(A,Cy)
ys us Dyu = 0
L2 w z γ ‖z‖2 < γ‖w‖2
γ > 0 Pcl (n+ nK)×
(n+ nK)



PclAcl +A
T
clPcl B
T
clPcl C
T
cl
⋆ −γI DTcl
⋆ ⋆ −γI



< 0
Pcl > 0
Acl =
[
A+BuDKCy BuCK
BKCy AK
]
, Bcl =
[
Bw +BuDKDyw
BKDyw
]
,
Ccl =
[
Cz +DzuDKCy DzuCK
]
Dcl =
[
Dzw +DzuDKDyw
]
.
F(P (s),K(s)) P K





ẋ(t)
ẋK(t)
z(t)
ys(t)





=





A 0 Bw Bu
BKCy AK BKDyw 0
Cz 0 Dzw Dzu
Cy 0 Dyw Dyu










x(t)
xK(t)
w(t)
us(t)





w z



ẋ(t)
ẋK(t)
z(t)



=



A+BuDKCy BuCK Bw +BuDKDyw
BKCy AK BKDyw
Cz +DzuDKCy DzuCK Dzw +DzuDKDyw






x(t)
xK(t)
w(t)



Ll(P (s),K(s)) =
[
Acl Bcl
Ccl Dcl
]
Pcl AK BK CK DK
H∞
H∞
γ > 0
X Y Ã B̃ C̃ D̃





M11 ⋆ ⋆ ⋆
M21 M22 ⋆ ⋆
M31 M32 M33 ⋆
M41 M42 M43 M44





< 0
[
R In
In S
]
> 0
M11 = AR+RA
T +BuC̃ + C̃
TBTu
M21 = Ã+A
T + CyD̃
TBTu
M32 = B
T
wS +D
T
ywB̃
T
M33 = −γInu , M44 = −γIny
M41 = CzR+DzuC̃
H∞
M42 = Cz +DzuD̃Cy
M43 = Dzw +DzuD̃Dyw
DK = D̃
CK = (C̃ −DKCyR)M−1
BK = N
−1(B̃ − SBuDK)
AK = N
−1(Ã− SAR− SBuDKCyR
−NBuCkR− SBuCKMT )M−1
M N
MNT = I −RS
Pcl
Pcl =
[
S N
NT U
]
, P−1cl =
[
R M
MT V
]
PclP
−1
cl = I Pcl
[
R
MT
]
,=
[
I
0
]
PclΠ1 = Π2
Π1 =
[
R I
MT 0
]
Π2 =
[
I S
0 NT
]
Π1
ΠT1 , I, I
D̃ = DK
C̃ = CKM
T +DKCzR
B̃ = NBK + SBwDK
Ã = NAKM
T +NBKCyR
+ SBuCKM
T + S(A+BuDKCy)R
H∞
γ >
0 R S
[
NR 0
0 Inw
]



AR+RAT RCTz Bw
⋆ −γInz Dzw
⋆ ⋆ −γInw



[
NR 0
0 Inw
]
< 0
[
NS 0
0 Inz
]T



ATS + SAT BwS C
T
z
⋆ −γInw DTzw
⋆ ⋆ −γInz



[
NS 0
0 Inz
]
< 0
[
R In
In S
]
> 0
NR NS
[
BTu D
T
zu
] [
Cy Dyw
]
nk < n
(I −RS) ≤ nk
θ =
[
DKi C
K
i
BKi A
K
i
]
Acl Bcl Ccl Dcl
Ll(P (s),K(s)) =
[
Acl Bcl
Ccl Dcl
]
=
[
A0 + BθC B0 + BθDyw
C0 +DzuθC D0 +DzuθDyw
]
A0 =
[
A 0
0 0nk
]
; B0 =
[
Bw
0
]
; C0 =
[
Cz
0
]
; B =
[
0 Bu
Ink 0
]
;
C =
[
0 Ink
Cy 0
]
; Dzu =
[
0 Dzu
]
Dyw =
[
0
Dyw
]
;
ΨPcl +Q
T θTXPcl +X
T
Pcl
θQ < 0
XPcl =
[
BTPcl 0 DTzu
]
; Q =
[
C Dyw 0
]
;
ΨPcl =


PclA0 +A
T
0 Pcl B
T
0 Pcl C
T
0
⋆ −γI DTzw
⋆ ⋆ −γI


P =
[
B 0 Dzu
]
XPcl =


Pcl 0 0
0 I 0
0 0 I

P XPcl P
H∞
Q WX WP WQ
WX =


P−1cl 0 0
0 I 0
0 0 I

WP
Pcl θ
WTPΦPclWP < 0
WTQΨPclWQ < 0
ΦPcl =


A0P
−1
cl +A
T
0 P
−1
cl B
T
0 P
−1
cl C
T
0
⋆ −γI DTzw
⋆ ⋆ −γI


WTXΨPclWX < 0
WTP


P−1cl 0 0
0 I 0
0 0 I


T
ΨPcl


P−1cl 0 0
0 I 0
0 0 I

WP < 0
P−1cl
P−1cl
WTP











(
A 0
0 0
)(
R M
MT V
)
+
(
R MT
M V
)(
Ai 0
0 0
)
(
Bw
0
) (
R MT
M V
)(
CTz
0
)
(
BTw 0
)
−γI DTzw
(
Cz
0
)(
R M
MT V
)
Dzw −γI











WP < 0
⇔WTP




AR+RAT AM Bw RC
T
z
MTA 0 0 MCTz
BTw 0 −γI DTzw
CzR CzM Dzw −γI




WP < 0
P =
[
B 0 Dzu
]
=
[
0 Ink 0nk×nw 0
BTu 0 0nu×nw D
T
zu
]
,
[
W1
W4
] [
BTu
DTzu
]
WP P
WP





W1 0
0 0
0 Inw
W4 0





WP


W1 0
W4 0
0 Inw


T 

AR+RAT RCTz Bw
BTw −γI Dzw
CzR D
T
zw −γI




W1 0
W4 0
0 Inw

 < 0
WTQ











(
A 0
0 0
)(
S N
NT U
)
+
(
S N
NT U
)(
Ai 0
0 0
)
(
S N
NT U
)(
Bw
0
) (
CTz
0
)
(
BTw
0
)(
S N
NT U
)
−γI DTzw
(
Cz 0
)
Dzw −γI











WQ < 0
⇔WTQ




ATS + SA ATN SBw C
T
z
NTA 0 NTBw 0
BTwS B
T
wN −γI DTzw
Cz 0 Dzw −γI




WQ < 0
Q =
[
C Dyw 0
]
=
[
0 Ink 0 0nk×nz
Cy 0 Dyw 0ny×nz
]
[
W2
W3
] [
Cy
Dyw
]
WQ Q
WQ =





W2 0
0 0
W3 0
0 Inz







W2 0
W3 0
0 Inz


T 

ATS + SA SBw C
T
z
BTwS −γI DTzw
Cz Dzw −γI




W2 0
W3 0
0 Inz

 < 0
NR =
[
W1
W4
]
NS =
[
W2
W3
]
Pcl
H∞
Système Kf∞d
f
zf̂y
H∞
nk = n
K
R S M N
I −RS
U U = NTRM+T
M+ M
Pcl
K
H∞
H∞
ẋ = Ax+ Edd+ Eff
y = Cx+ Fdd+ Fff
Kf∞(s)
z = f̂ − f wT =
[
dT fT
]
d
P (s)
K∞(s)
u = f̂y
z̄ WI(s)w̄ wWO(s)z
d
f
H∞
Kf∞(s)
ẋF = AFxF +BF y
f̂ = CFxF +DF y
H∞
z = f̂ − f
w =
[
dT fT
]T
ys = y u = f̂
P (s) :=





ẋ(t) = Ax(t) +Bww(t) +Buu(t)
z(t) = Czx(t) +Dwzw(t) +Duzu(t)
y(t) = Cyx(t) +Dwyw(t) +Duyu(t)
A = A, Bw =
[
B Ed Ef
]
, Bu = 0
Cz = 0, Dzw =
[
0 0 −1
]
, Dzu =
[
1
]
Cy = C, Dyw =
[
B Fd Ff
]
, Dyu =
[
0
]
Dyu = 0 H∞
WI WO
H∞
I
α(t)
α(t) : t ∈ R+( Z+) 7→ I := {1, 2, . . . , N}
{
h ◦ x(t) = fα(t)(t, x(t), u(t))
y(t) = gα(t)(t, x(t), u(t))
x ∈ Rn u ∈ Rm y ∈ Rl
fi : R
n × Rm 7→ Rn gi : Rn × Rm 7→ Rl ∀i ∈ I
h ◦ x(.)
h◦x(t) = ẋ(t)
h ◦ x(t) = x(t+ 1)
h ◦ x(t) = Aα(t)x(t)
Aα(t) ∈ A = A1, A2, . . . , AN
ẋ(t) = Aα(t)x(t)
P > 0 ∀i ∈ I
P > 0
ATi P + PAi < 0
P > 0
ATi PAi − P < 0
V (x) = xT (t)Px(t)
V (t) > 0 V̇ (t) < 0 V (t + 1) − V (t) < 0
V (k, x(k), α(k)) = xT (k)Pα(k)x(k)
∀α ∈ I
Pi ∀i ∈ I
[
Pj A
T
i Pi
⋆ Pi
]
> 0 ∀(i, j) ∈ I × I
Pi Gi ∀i ∈ I
[
Gi +G
T
i − Si GTi ATi
⋆ Sj
]
> 0 ∀(i, j) ∈ I × I
V (k, x(k), α(k)) = xT (k)Pα(k)x(k) ∀ α(k) ∈ I
V (k, x(k), α(k)) > 0
V (k + 1, x(k + 1), α(k + 1))− V (k, x(k), α(k)) < 0
∀k ∈ Z+
xT (k + 1)Pα(k+1)x(k + 1)− xT (k)Pα(k)x(k) < 0
xT (k)
(
ATα(k)(k)Pα(k+1)Aα(k) − Pα(k)
)
x(k) < 0
∀x(k) ∈ Rn
ATα(k)Pα(k+1)Aα(k) − Pα(k) < 0
⇔ ATα(k)PTα(k+1)P−1α(k+1)Pα(k+1)Aα(k) − Pα(k) < 0
[
−Pα(k+1) −ATα(k)PTα(k+1)
⋆ −Pα(k)
]
< 0, ∀ α(k) ∈ I
α(k) = i ime
i = α(k) 6= α(k + 1) = j
[−Pj −ATi Pi
⋆ −Pi
]
< 0, ∀ (i, j) ∈ I × I
Si = P
−1
i Sj = P
−1
j
[−S−1j −ATi S−1i
⋆ −S−1i
]
< 0, ∀ (i, j) ∈ I × I
I, Si
Sj −ATi SiAi = Tij > 0
Gi = Si + giI gi gi
g−2i (Si + 2giI) > A
T
i TijAi ∀ (i, j) ∈ I × I
[
Si + 2giI −giATi
⋆ Tij
]
∀ (i, j) ∈ I × I
Gi Tij
Pi = P ∀i ∈ I
N = 2
{A1, A2} (N = 2)
δ ∈ [0, 1]
Aeq = δA1 + (1− δ)A2
α(t) ∈ {1, 2}
Aeq = δA1 + (1− δ)A2 δ ∈ [0, 1] P
Q
δ(AT1 P + PA1) + (1− δ)(AT2 P + PA2) = −Q
δxT (AT1 P + PA1)x+ (1− δ)xT (AT2 P + PA2)x = −xQx < 0, ∀x ∈ Rn {0}
xT (AT1 P +
PA1)x x
T (AT2 P + PA2)x ∀x ∈ Rn {0}
V (x) =
xTPx
A
aij ≥ ∀i 6= j
Mc Md
Π ∈ RN×N
Π ∈Mc :
N
∑
i=1
πij = 0
Π ∈Md :
N
∑
i=1
πij = 1
∀ j = 1, .., N
Pi > 0 Qi > 0 ∀ i ∈ I Πc ∈ Mc
Πd ∈Md
ATi Pi + PiAi +
N
∑
j=1
πcjiPj +Qi < 0
ATi


N
∑
j=1
πdjiPj

Ai − Pj +Qi < 0
τD τD ∈ N Pi > 0 ∀ i ∈ I
ATi PiAi − Pi < 0 ∀ i ∈ I
(Aτdi )
TPjA
τd
i − Pi < 0 ∀ (i, j) ∈ I × I, i 6= j
τD
τD = 1
τmoy
τmoy
τmoy
Nα(T, t) [t, T ]
α(t)
N0 τmoy
Nα(T, t) ≤ N0 +
T − t
τmoy
N0
τD τmoy
H−/H∞
H∞
H∞

t s us
i = {f, r} j = {l, r}
X,Y, Z (x, y, z)
θ
mẍ = Ftxf + Ftxr − Faero −Rtxf −Rtxr −mg (θ)
Ftxf Ftxr
Faero
Rtxf Rtxr
m g
Faero =
1
2
ρCdAF (ẋ+ Vvent)
2
ρ Cd AF Vx Vvent
ρ Cd AF
Faero = caero(ẋ+ Vvent)
2
Rtxf +Rtxr = f(Fzf + Fzr)
f
Fzf = −
Faerohaero +mẍh+mgh (θ)−mglr (θ)
lf + lr
Fzr =
Faerohaero +mẍh+mgh (θ) +mglf (θ)
lf + lr
lr lf h
haero
Ftxf Ftxr
Ft
Ft
θ
z
x
X
Z
m
ω
It
ẋ reffωi
βxi = ρ1(reffiωi − ẋ)
ωi i
me reffs
ρ1
1
ρ1
=
{
ẋ , (ẋ < 0)
reffωi , (ẋ > 0)
Ftxij = Dx
[
(Cx)
(
Bxβxij − Ex(Bxβxij − (Bxβxij )
)]
Ftxi = cxiβxi
cxi
Accélération
Décélération
coefficient de glissement
F
or
ce
d
u
p
n
eu
[N
]
Force logitudinale du pneu
4000
3000
2000
1000
0
−1000
−2000
−3000
−4000
−0.6 − 0.5 − 0.4 − 0.3 − 0.2 − 0.1 0 0.1 0.2 0.3 0.4 0.5 0.6
Non Linéaire
Linéarisée pour
de petits glissements
Itf ω̇tf = Ttf − refffFxf
Itr ω̇tr = Ttr − reffrFxr
It Ttf
Ttr
m
mẍ = cx(reffω − ẋ)ρ1 − caero(ẋ+ Vvent)2 − fmg (θ)−mg (θ)
Itω̇ = −reffcx(reffω − ẋ)ρ1 + Ti
θ = 0
ρ2 = ẋ
[
ẍ
ω̇
]
=
[
−βx
m
ρ1 − caerom ρ2
reffβx
m
ρ1
reffβx
It
ρ1 −
r2
eff
βx
It
ρ1
][
ẋ
ω
]
+
[
0
1
It
]
Ti
ctrans
y =
[
1 0
0 1
ctrans
][
ẋ
ω
]
lf lr L = lr+lf
δ
X Y ψ X, Y
ψ
~V = ~̇X + ~̇Y β
δr 6= δl
≈
R
Fl =
mV 2
R
δ
FtxflFtyfl
lr
lf
Ftyrl
Ftxrl
y
x
~V = ~̇X + ~̇Y
tr
β
X
Y
ψ
tf
A
B
CoG











Ẋ = V (ψ + β)
Ẏ = V (ψ + β)
ψ̇ = V (β)
lr+lf
(δ)
β = −1
(
lf+lr (δ)
lr+lf
)
y ψ v
y
may(t) = Fyf + Fyr
= Ftxf (δ) + Ftyf (δ) + Ftyr + Fdy
ay = ÿ + vψ̇
ÿ = vβ̇
Izψ̈ = lfFyf − lrFyr
= lf (Ftxf (δ) + Ftyf (δ))− lrFtyr +Mdz
(δ) ∼= 0 (δ) ∼= 1
mv(β̇ + ψ̇) = Ftyf + Ftyr + Fdy
Izψ̈ = lfFtyf − lrFtyr +Mdz
Ftyf Ftyr β
Ftyf = cyfβyf
Ftyr = cyrβyr
βyf = δ − β +
lf ψ̇
v
βyr = −β +
lrψ̇
v



mv(β̇ + ψ̇) = cyf
(
δ − β + lf ψ̇
v
)
+ cyr
(
−β + lrψ̇
v
)
+ Fdy
Izψ̈ = lfcyf
(
δ − β + lf ψ̇
v
)
− lrcyr
(
−β + lrψ̇
v
)
+Mdz
Fd ld
[
β̇(t)
ψ̈(t)
]
=


− cyr+cyf
mv(t)
cyrlr−cyf lf
mv2(t)
− 1
cyrlr−cyf lf
Iz
− cyrl
2
r+cyf l
2
f
Izv(t)


[
β(t)
ψ̇(t)
]
+
[
cyf
mv
cyrlf
Iz
]
δ(t) +
[
1
mv
ld
Iz
]
Fd(t)
ay
ay = v(β̇ + ψ̇) = v
(
(−cyr + cyf
mv
)β + (
cyrlr − cyf lf
mv2
− 1)ψ̇ + cyf
mv
δ
)
+ vψ̇
y =
[
ψ̇
ay
]
=
[
0 1
− cyr+cyf
m
cyrlr−cyf lf
mv
][
β
ψ̇
]
+
[
0
cyf
mv
]
δ
• ms
zs
• mus
zus
zr
kt ct
ks
{
msz̈s = −(Fsz + Fdz)
musz̈us = Fsz − Ftz
Fdz
Ftz
Ftz = kt(zus − zr) + ct(żus − żr)
Fsz
Fsz = Fk(.) + Fd(.)
Fk(.) Fd(.)
• Fk(.)
zdef = zs − zus
Fk = kszdef
ks
• Fd(.)
Fd(.) = Fd(żs − żus)
Fd(.) = Fd(żs − żus, u) u
Fd(.)
ms
mus
ks c
kt
zus
zr
zs
Fdz
ms
mus
ks u
kt
zus
zr
zs
Fdz
ms
mus
ks c
kt
zus
zr
zs
Fdz
ua
Fk = ks(zs − zus)
Fd = c(żs − żus) Ftz = kt(zus − zr)
{
msz̈s = −ks(zs − zus)− c(żs − żus)− u− Fdz
musz̈us = ks(zs − zus) + c(żs − żus) + u− kt(zus − zr)





żs
z̈s
żus
z̈us





=





0 1 0 0
− ks
ms
c
ms
ks
ms
− c
ms
0 0 0 1
ks
mus
c
mus
−ks+kt
mus
− c
mus










zs
żs
zus
żus





+





0
− 1
ms
0
1
mus





u+





0
0
0
kt
mus





zr +





0
1
ms
0
0





Fdz





żs
z̈s
żus
z̈us





=





0 1 0 0
− ks
ms
c
ms
ks
ms
− c
ms
0 0 0 1
ks
mus
c
mus
−ks+kt
mus
− c
mus










zs
żs
zus
żus





+





0
0
0
kt
mus





zr +





0
1
ms
0
0





Fdz
F [N ]
żdef [m/s]
Dissipation
d’énergie
Dissipation
d’énergie
Génération
d’énergie
Génération
d’énergie
żdef
F [N ]
żdef [m/s]
Fsz = Fk(.)+
Fd(.)
Fd(.)
Fd(.)
Fd = csżdef
cs
F [N ]
żdef [m/s]
Fd = u u
u̇ = ωf (u− u0)
u0 u ωf
F [N ]
żdef [m/s]
Fd(I) = c0żdef + k0zdef + fI (c1żdef + k1zdef )
c0 c1 k0 k1 fI
I ≤ I ≤ I
fI
Fk(zdef )fr
Fk(zdef )rr
Fk(zdef )fl
Fk(zdef )rl ktfr
ktrrktrl
ktfl
musfr
musrrmusrl
musfl
ufr
urrurl
ufl
x, θ
z, ψ
y, φ
tf
tr
lr
lf
{ms, Ix, Iy, Iz}
h
zrrrzrrl
zrfl
zrfr
x y θ φ









żsfl = zs + φ̇lf (φ)− θ̇tf (θ)
żsfr = zs + φ̇lf (φ) + θ̇tf (θ)
żsrl = zs − φ̇lr (φ)− θ̇tr (θ)
żsrr = zs − φ̇lr (φ) + θ̇tr (θ)









żsfl = zs + φ̇lf (φ)− θ̇tf (θ)
żsfr = zs + φ̇lf (φ) + θ̇tf (θ)
żsrl = zs − φ̇lr (φ)− θ̇tr (θ)
żsrr = zs − φ̇lr (φ) + θ̇tr (θ)
zs









z̈s = −(Fszf + Fszr + Fdz)/ms
z̈usij = (Fszij − Ftzij )/musij
θ̈ = −
(
(Fszrl + Fszrr tr + (Fszfl + Fszfr tf +mhv̇y
)
/Ix
φ̈ = (Fszf lf + Fszr lr −mhv̇x)/Iy
Ftzi = Ftzil + Ftzir Fszi = Fszil + Fszir
h
ρ1 = (c1żdef +
k1zdef )





żs
z̈s
żus
z̈us





=





0 1 0 0
−ks+b2
ms
b1
ms
ks+b2
ms
− b1
ms
0 0 0 1
ks+b2
mus
b1
mus
−ks+kt+b2
mus
− b1
mus










zs
żs
zus
żus





+





0
−fcρ1
ms
0
fcρ1
mus





I +





0
0
0
kt
mus





zr
y =
[
zdef
żdef
]
=
[
1 0 1 0
0 1 0 1
]





zs
żs
zus
żus





ẍs = ẋs + ẏsψ̇s =
−Ftxf (δ)− Ftxr − Ftyf (δ)−mψ̇ẏs + Fdx
m
ÿs = ẏs + ẋsψ̇s =
−Ftxf (δ)− Ftyr − Ftyf (δ) +mψ̇ẋs + Fdy
m
z̈s = −
Fszf + Fszr + Fdz
ms
z̈usij =
Fszij − Ftzij
musij
θ̈ =
(Fszrl − Fszrr)tr + (Fszfl − Fszfr)tf +mhÿs + (Iy − Iz)ψ̇φ̇+Mdx
Ix
φ̈ =
(Fszrl + Fszrr)lr − (Fszfl + Fszfr)lf −mhẍs + (Iz − Ix)ψ̇θ̇ +Mdy
Iy
ψ̈ =
(
−(Ftyrr + Ftyrl)lr + (Ftyfr + Ftyfl)lf (δ)− (Ftxfr + Ftxfl)lf (δ)
−(Ftxrr − Ftxrl)tr − (Ftxfr − Ftxfl)tf (δ)− (Ftyfr − Ftyfl)tf (δ)
+(Iy − Iz)θ̇φ̇+Mdz
)
/Iz
ω̇ij =
reffijFtxij − Ttij
Iω
β̇CoG =
Ftyf + Ftyr −mv̇ (βCoG)
mv (βCoG)
− ψ̇
ax
2
ay
2
z̈s
2
φ̈ 2
ψ̈ 2
θ̈ 2
v
δ
β
m
In n
2
li (i)
ti (i)
Mdx
Mdy
z̈s
2
z̈usij
2
żdefij (i, j)
zdefij (i, j)
zusij (i, j)
zsij (i, j)
zrij (i, j)
msij (i, j)
musij (i, j)
ks (i, j)
Fsij (i, j)
Fsi (i)
Mdz
Fdij (i, j)
ωij (i, j)
βyij (i, j)
reffij (i, j)
ktij (i, j)
cij (i, j)
Ityij (i, j)
Tij (i, j)
Ftxij (i, j)
Ftxi (i)
Ftyij (i, j)
Ftyi (i)
Ftzij (i, j)
Angle du volant δ
Couple de transmission Tbij
Couple de frein Tfij
Efforts et Couples externes Fdx,y,z et Mdx,y,z
Modèle
des
Suspensions
Profil de route zr
Commande de suspension uij
Modèle
des
Pneus
Vitesse du véhicule v
Dynamique
du
Véhicule












xs
ys
zsij
zusij
θ
φ
ψ
ωij












et leurs dérivées
Etats






v
ay
ψ̇
zdefij
żdefij






Mesures
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Comparaison des acćelérations lat́erales
 
 
Mesures
Simulation
0 10 20 30 40 50
−0.8
−0.6
−0.4
−0.2
0
0.2
0.4
0.6
Temps [s]
V
it
es
se
d
e
la
ce
t
[r
a
d
.s
−
1
]
Comparaison des vitesses de lacet
 
 
Mesures
Simulation
0 10 20 30 40 50
−0.8
−0.6
−0.4
−0.2
0
0.2
0.4
0.6
Temps [s]
V
it
es
se
d
e
la
ce
t
[r
a
d
.s
−
1
]
Comparaison des vitesses de lacet
 
 
Mesures
Simulation
v = 30km.h−1 v = 80km.h−1
δ
ẋ ẏ ż x y z














φ, φ̇
θ, θ̇
ψ, ψ̇
xs, ẋs, ẍs
ys, ẏs, ÿs
zs, żs, z̈s
δ, δ̇
β
u





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
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
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

Capteurs
&
Estimations
Renault Mégane
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Contrôle
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H−/H∞
H−/H∞
H−/H∞
H−/H∞
H∞
H−
H−
H∞
H−/H∞
H−/H∞
H−/H∞
Sous-Système 1
Sous-Système 2
Sous-Système N
α(t)
y(t)
d(t)
f(t)
u(t)
α(t)
H−
H−
H−/H∞
H−/H∞
H−/H∞
{
ẋ(t) = Aα(t)x(t) +Bα(t)u(t) + Ed,α(t)d(t) + Ef,α(t)f(t)
y(t) = Cα(t)x(t) +Dα(t)u(t) + Fd,α(t)d(t) + Ff,α(t)f(t)
x(t) ∈ Rn u(t) ∈ Rm y(t) ∈ Rl
d ∈ Rnd f ∈ Rnf
α(t)
I := {1, 2, . . . , N} Aα Bα Ed,α Ef,α Cα Dα Fd,α Ff,α
H−/H∞
t
[
Aα(t) Bα(t) Ed,α(t) Ef,α(t)
Cα(t) Dα(t) Fd,α(t) Ff,α(t)
]
∈
{[
A1 B1 Ed,1 Ef,1
C1 D1 Fd,1 Ff,1
]
, ..,
[
AN BN Ed,N Ef,N
CN DN Fd,N Ff,N
]}





˙̂x = Aαx̂+Bαu+ Lα(y − ŷ)
ŷ = Cαx̂+Dαu
rα = y − ŷ
x̃ = x− x̂
˙̃x = (Aα − LαCα)x̃+ (Ed,α − LαFd,α)d+ (Ef,α − LαFf,α)f
rα = Cαx̃+ Fd,αd+ Ff,αf
˙̃x = A∗αx̃+ E
∗
d,αd+ E
∗
f,αf
rα = Cαx̃+ Fd,αd+ Ff,αf
A∗α = Aα − LαCα E∗d,α = Ed,α − LαFd,α E∗f,α = Ef,α − LαFf,α
Trdα(s) = Cα(sI −A∗α)−1E∗d,α + Fd,α
Trfα(s) = Cα(sI −A∗α)−1E∗f,α + Ff,α
H−/H∞
‖Trd‖∞ < γ
‖Trf‖− > β
Lα
γα βα
H∞ γ = (γα)
H− β = (βα)
f1(t) f2(t)
H−/H∞
Ef
Bf =
[
Ef1 Ef2
]
f(t) =
[
f1(t)
f2(t)
]
Eff(t) =
[
Ef1 Ef2
]
[
f1(t)
f2(t)
]
= Ef1f1(t) + Ef2f2(t)
f2(t)
Ĕd =
[
Ed Ef2
]
Ĕf = Ef1
d̆(t) f̆(t)
d̆(t) =
[
d(t)
f2(k)
]
f̆(t) = f1(t)
(Aα, Cα)
([
sI −Aα Ef,α
Cα Ff,α
])
= n+ nf , ∀s ∈ C, ∀α ∈ I
α(t)
H−/H∞
Sous-Système 1
Sous-Système 2
Sous-Système N
α(t)
y(t)
d(t)
f(t)
u(t)
Générateur de résidu 1
α(t)
r(t)
α(t)
Générateur de résidu 1
Générateur de résidu N
τa
Ffα
H∞
Pα Uα γα
H−/H∞
∀α ∈ I




PαAα + UαCα + C
T
αCα PαEd,α + UFd,α
+ATαPα + C
T
αUα +C
T
αFd,α
⋆ F Td,αFd,α − γ2αI




< 0
Lα = −P−1α Uα
‖rdα‖2
‖d‖2
< γα
Vα|f=0 = x̃TPαx̃
Vα > 0
V̇α < 0
Pα > 0
V̇α + r
T
dα
rdα − γ2αdT d < 0
˙̃xTPαx̃+ x̃
TPα ˙̃x+ r
T
dα
rdα − γ2αdT d < 0
(
A∗αx̃+ E
∗
d,αd
)T
Pαx̃+ x̃
TPα
(
A∗αx̃+ E
∗
d,αd
)
+ (Cαx̃+ Fd,αd)
T
(Cαx̃+ Fd,αd)− γ2αdT d < 0
[
x̃
d
]T [
PαA
∗
α +A
∗T
α Pα + C
T
αCα PαB
∗
dα
+ CTαFdα
⋆ FTdαFdα − γ2αI
] [
x̃
d
]
< 0
∀
[
x̃
d
]
6= 0
[
PαA
∗
α +A
∗T
α Pα + C
T
αCα PαB
∗
dα
+ CTαFdα
⋆ FTdαFdα − γ2αI
]
< 0
A∗ E∗d



Pα(Aα − LαCα) + (Aα − LαCα)TPα
+CTαCα
Pα(Ed,α − LαFd,α)
+CTαFd,α
⋆ FTd,αFd,α − γ2αI


 < 0
H−/H∞
PαLα
Uα = PαLα
H−
Pα Uα βα
∀α ∈ I




PαAα + UαCα − CTαCα PαEd,α + UFd,α
+ATαPα + C
T
αUα −CTαFd,α
⋆ −F Td,αFd,α + β2αI




< 0
Lα = −P−1α Uα
‖rfα‖2
‖f‖2
> βα
V̇α|d=0 − rTfαrfα + β2αfT f < 0
tm 90%
tm
tm =
2.2
λmax
λmax
Aα ∈ Rn×n Pα > 0
H−/H∞
ξmax,α
ATαPα + PαAα + 2ξmax,αPα < 0
Aα ξmax,α
ẋ = (Aα+ ξmax,αI)x
Pα > 0
Vα = X
TPαx V̇α < 0
(Aα + ξmax,α)
TPα + Pα(Aα + ξmax,α) < 0
ė(t) = Ae(t)
β > 0
lim
t→∞
(−βt) ‖e(t)‖ = 0
e(t)
V̇ (e(t)) < −2βV (e(t))
V = eTPe
eT (ATP + PA)e < −2βeTPe
⇔ ATP + PA+ 2βP < 0
β ≡ ξ
Pα Uα ξmax,α
∀α ∈ I
PαAα + UαCα +A
T
αPα + C
T
αUα + 2ξmax,αPα < 0
tmα ξmax,α
H−/H∞
Lα = −P−1α Uα
Aα = Aα − LαCα
Uα = PαLα
H−
lim
ω→∞
Trf (jω) = lim
ω→∞
(Cα(jωI −Aα + LαCα)−1(Ef,α − LαFf,α) + Ff,α) = Ff,α
Ff,α = 0
H−
H− F
T
f,αFf,α
Lα
H−
β
F Tf,αFf,α ≥ β2I
Lα
H∞
‖Trf‖− = 0
σ(Trf (jω))
Ff,α =
[
Ff1,α
0
]
Dadd,α =
[
0
εαI
]
WF,α
WF,α(s) =
(
s/ω1,α + 1
s/ω2,α + 1
)mα
ω1,α < ω2,α mα
H−/H∞
ω1,α ω2,α mα
Trfα(s) H∞
ω1,α > ω0
(
ω2,α
ω1,α
)m
< DTadd,αDadd,α
w0
WF,α
WF,α(s) :=
[
Ah,α Bh,α
Ch,α Dh,α
]



˙̂x = Aαx̂+Bαu+ Lα(y − ŷ)
ŷ = Cαx̂+Dαu
r̃α = (y − ŷ) +Dadd,αf
ẋh = Ah,αxh +Bh,αr̃α
r̄ = Ch,αxh +Dh,αr̃α
x̃
[
˙̃x
ẋh
]
=
[
Aα − LαCα 0
Bh,αCα Ah,α
][
x̃
xh
]
+
[
Ed,α − LαFd,α
Bh,αFd,α
]
d+
[
Ef,α − LαFf,α
Bh,α(Ff,α +Dadd,α)
]
f
r̄α =
[
DhαCα Chα
]
[
x̃
xh
]
+
[
Dh,αFd,α
]
d+
[
Dh,α(Ff,α +Dadd,α)
]
f
xa =
[
x̃T xTF
]T
ẋa = Aaαx
a + Ead,αd+ E
a
f,αf
r̄ = Caαx
a + F ad,αd+ F
a
f,αf
Aaα =
[
Aα − LαCα 0
BFCα AF
]
, Eaf,α =
[
Ef,α − LαFf,α
BF (Ff,α +Dadd,α)
]
, Ead,α =
[
Ed,α − LαFd,α
BFFd,α
]
Caα =
[
DFCα CF
]
, Daf,α = DF (Ff,α +Dadd,α) D
a
d,α = DFFd,α
H−/H∞
Sous-Système 1
Sous-Système 2
Sous-Système N
α(t)
y(t)
d(t)
f(t)
u(t)
α(t)
r(t)
α(t)
Wf1r̃Obsv 1
Wf2r̃Obsv 2
WfNr̃Obsv N
Dadd2
DaddN
Dadd1
r̄
r̄
r̄
H−
Daddα WF,α
βα
βmaxα =
√
Da
T
f,αD
a
f,α
(
ω1α
ω2α
)mα
Dadd ω1 ω2 m
H− Daddα WF,α
Dadd1 = Dadd2 = .. = DaddN
WF,1 = WF2 = ... = WFN
H−/H∞
H−/H∞
‖Trdα‖∞ < γα
‖Trfα‖[0,ω]− > βα
ω
P aα U
a
α γα
βα ξα ∀α ∈ I




P aαA
0
α +A
0T
α P
a
α
+UaαC
0
α + C
0T
α U
aT
α + C
aT
α C
a
α
P aαE
0
α + U
a
αFd,α
+Ca
T
α D
a
dα
⋆ Da
T
dα
Dadα − γ2αI




< 0




P aαA
0
α +A
0T
α P
a
α
+UaαC
0
α + C
0T
α U
aT
α − Ca
T
α C
a
α
P aαE
0
α + U
a
αFf,α
−CaTα Dafα
⋆ −DaTfαDafα + β2αI




< 0
I0P aαI
0TA0α + I
0UaαC
0
α +A
0T
α I
0PαI
0T + C0
T
α U
aT
α I
0T + 2ξmax,αI
0P aαI
0T < 0
A0α E
0
fα
E0dα C
0
α
Caα D
a
dα
Dafα I0
A0α =
[
Aα 0
Bh,αCα Ah,α
]
, E0fα =
[
Ef,α
Bh,α(Ff,α +Dadd,α)
]
, E0dα =
[
Ed,α
Bh,αFd,α
]
C0α =
[
−Cα 0
]
, Caα =
[
DhαCα Chα
]
, I0 =
[
−I 0
]
,
Dadα = Dh,αFd,α D
a
fα
= Dh,α(Ff,α +Dadd,α)
Lα = I
0(P aα)
−1Uaα
H−/H∞
T ar̄fα :=
[
Aaα E
a
fα
Caα D
a
fα
]
, T ar̄dα :=
[
Aaα E
a
dα
Caα D
a
dα
]
T ar̄dα




P aαA
a
α + C
aT
α C
a
α P
a
αE
a
dα
+Aa
T
α P
a
α +C
aT
α D
a
dα
⋆ Da
T
dα
Dadα − γ2αI




< 0 ∀α ∈ I
Aaα E
a
dα
P aαA
a
α = P
a
α
[
Aα − LαCα 0
BFCα AF
]
= P aα
[
Aα 0
Bh,αCα Ah,α
]
+ P aα
[−I
0
]
Lα
[
Cα 0
]
P aαE
a
dα
= P aα
[
Ed,α − LαFd,α
BFFd,α
]
= P aα
[
Ed,α
Bh,αFd,α
]
+ P aα
[−I
0
]
LαFd,α




P aα(A
0
α + I0LαC
0
α) + C
aT
α C
a
α P
a
α(E
0
dα
+ I0LαFdα)
+(A0α + I0LαC
0
α)
TP aα +C
aT
α D
a
dα
⋆ Da
T
dα
Dadα − γ2αI




< 0 ∀α ∈ I
Uaα = P
a
αI0Lα
P a (n + nH) × (n + nH)
nH FH
P a
H−/H∞
r̃ = Qr,αr
Tr̃dα(s) = Qr,α(Cα(sI −A∗α)−1E∗d,α + Fd,α)
H−/H∞
Fd,α =
0
Qr,αCαEd,α = 0
Hα = Qr,αCα A
∗
α =
Aα − LαCα
Vα Rα A
∗
α
Vα =
[
Vα1 . . . Vαn
]
, Rα =
[
Rα1 ... Rαn
]
V Tα Rα =



V Tα1Rα1 . . . 0
0 . . . V TαnRαn



V Tα Rα = I V
T
α = R
−1
α
Λα A
∗
α
A∗α = RαΛαR
−1
α
eA
∗
αt = Rαe
ΛαtR−1α = Rαe
ΛαtV Tα =
i=n∑
i=1
eλαi tRαiV
T
αi
(sI −A∗α)−1 = L(eA
∗
αt) = L(
i=n∑
i=1
eλαi tRαiV
T
αi
) =
i=n∑
i=1
RαiV
T
αi
s− λαi
Tr̃dα(s) =
i=n∑
i=1
HαRαiV
T
αi
Edα
s− λαi
Tr̃dα(s) = 0
Hα
i=n∑
i=1
RαiV
T
αi
Edα = HαRαV
T
α Edα = HαEdα = QrαCαEdα = 0
Qα
Qr,αCαEd,α = 0
CαEd,α
(CαEd,α)
+ =
[
(CαEd,α)
T (CαEd,α)
]−1
(CαEd,α)
T
Qr,α = Qx,α [I − CαEd,α(CαEd,α)+]
Qx,α
H−/H∞
Qx,α
Qr,α
A∗α
Cα
Cα =
[
I 0
]
H−/H∞
ξα
Dadd,α WFα
βα
γα ∀α ∈ I
γα βα



˙̂x = (Aα − LαCα)x̂+
[
(Bα − LαDα) Lα
]
[
u
y
]
r = −Cαx̂+
[
−Dα I
]
[
u
y
]
Qr,α
(γα)
ξmaxα βα
H−/H∞
β(k + 1) > β(k) k
(γ2 − β2) (β
γ
)
(γα, βα)
H−/H∞ βα
A1 =
[
−20 −100
1 0
]
, Ed1 =
[
0.1
0.2
]
, Ef1 =
[
0.1
0.01
]
,
C1 =
[
−40 −300
−15 −92
]
, Fd1 =
[
0.1
0
]
, Ff1 =
[
0
1
]
.
A2 =
[
−23 −110
1.4 3
]
, Ed2 =
[
0.225
0.54
]
, Ef2 =
[
0.27
0.051
]
,
C2 =
[
−40 −290
−14 −97
]
, Fd2 =
[
0.3
0
]
, Ff2 =
[
0
1.4
]
.
H−/H∞
Dadd,1 =
[
0
0.001
]
, Dadd,2 =
[
0.005
0
]
Wf,1(s) =Wf,2(s) =
(
s/.095 + 1
s/8 + 1
)2
ξmax,1 = ξmax,2 = 3
γα βα
Qrα
H−/H∞
Lα Qrα
L1 =
[
−0.3269 1.9446
0.0643 −0.2372
]
, L2 =
[
−0.3269 1.9446
0.0643 −0.2372
]
Qr1 =
[
0.0882 −0.2835
−0.2835 0.9118
]
, Qr2 =
[
0.0924 −0.2896
−0.2896 0.9076
]
λ1,1 = −3.6394, λ2,1 = −22.7884
λ2,1 = −3.0913, λ2,1 = −123.796
Lα = 0 Qrα = I
H−/H∞
Lα
Qrα = I
H−/H∞ Qrα 6=
I
H−/H∞
Qα
tm = 1s
H−/H∞
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0
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1
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Sensibilité du résidu au défaut
Fréquence (rad/s)
G
a
in
(d
B
)
L1 = 0, Qr = I
(H−/H∞), Qr = I
(H−/H∞)+ Qr 6= I
10
−2
10
−1
10
0
10
1
10
2
10
3
10
4
−40
−30
−20
−10
0
10
20
 
 
Sensibilit́e du ŕesidu aux perturbations
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Sans placement de pôles
Avec placement de pôles
r(t)
H−
H∞
H−
H−/H∞
H−/H∞
{
ẋ(t) = Āα(t)x(t) +Bα(t)u(t)Ed,α(t)d(t) + Ef,α(t)f(t)
y(t) = Cα(t)x(t) +Dα(t)u(t) + Fd,α(t)d(t) + Ff,α(t)f(t)
x(t) ∈ Rn u(t) ∈ Rm y(t) ∈ Rl d ∈ Rnd f ∈ Rnf α(t)
Āα(t) = Aα(t) +∆x,α(t)Nx,α(t)
∆x,α Nx,α(t)
Aα Bα Ed,α Ef,α Cα Dα Fd,α Ff,α
∆x,α
‖∆x,α‖2 ≤ εx,α
{
ẋ = (Aα +∆x,αNx,α)x+Bαu+ Ed,αd+ Ef,αf
y = Cαx+Dαu+ Fd,αd+ Ff,αf
χα



ẋ = Aαx+Bαu+ Ed,αd+ Ef,αf + χα
χα = ∆x,αNx,αx
y = Cαx+Dαu+ Fd,αd+ Ff,αf
H−/H∞



˙̂x = Aαx̂+Bαu+ Lα(y − ŷ)
ŷ = Cαx̂+Dαu
rα = y − ŷ
x̃ = x− x̂
˙̂x = Aαx̂+Bαu+ LαCαx̃+ LαFd,αd+ LαFf,αf
˙̃x = Aαx+ χα +Bαu+ Ed,αd+ Ef,αf
−Aαx̂−Bαu− LαCαx̃− LαFd,αd− LαFf,αf
= (Aα − LαCα)x̃+ (Ed,α − LαFd,α)d+ (Ef,α − LαFf,α)f + χα
rα = Cαx̃+ Fd,αd+ Ff,αf



˙̃x = A∗αx̃+ E
∗
d,αd+ E
∗
f,αf + χ
χ = ∆x,αNx,αx
rα = Cαx̃+ Fd,αd+ Ff,αf
A∗α = Aα − LαCα E∗f,α = Ef,α − LαFf,α E∗d,α = Ed,α − LαFd,α
Trfα(s) = Cα(sI −A∗α)−1E∗f,α + Ff,α
Trdα(s) = Cα(sI −A∗α)−1E∗d,α + Fd,α
H−
‖Trfα‖− > βα
H∞
‖Trdα‖∞ < γα
Lα
H∞
H−/H∞
Pα Uα γα
∀α ∈ I







Ωd,α Υd,α PαBα −CTαUTα Pα
⋆ Jd,α 0 −F Td,αUTα 0
⋆ ⋆ 0 BTαPα 0
⋆ ⋆ ⋆ Πα 0
⋆ ⋆ ⋆ ⋆ −12I







< 0
Ωd,α =PαAα + UαCα +A
T
αPα+
CTαU
T
α + C
T
αCα + 2ε
2
xN
T
x,αNx,α,
Υd,α =PαEd,α + UαFd,α + C
T
αFd,α,
Jd,α =F
T
d,αFd,α − γ2αI,
Πα =A
T
αPα + PαAα + 2ε
2
xN
T
x,αNx,α + C
T
αCα
Lα = −P−1α Uα
Pα > 0
Vα = x̃
TPαx̃+ x̂
TPαx̂
V̇α < 0
γα H∞
‖rα|f=0‖2 < γα ‖d‖2
χTχ = xTNTx,α∆
T
x,α∆x,αNx,αx
< ε2xTNTx,αNx,αx
xTNTx,αNx,αx =(x̃+ x̂)
TNTx,αNx,α(x̃+ x̂)
=x̃TNTx,αNx,αx̃+ x̂
TNTx,αNx,αx̂+ x̃
TNTx,αNx,αx̂+ x̂
TNTx,αNx,αx̃
<2x̃TNTx,αNx,αx̃+ 2x̂
TNTx,αNx,αx̂
H−/H∞
V̇α + r
T
α rα − γ2αdT d < 0
Vα = V1,α + V2,α V1,α = x̃
TPαx̃ V2,α = x̂
TPαx̂
V̇1,α =(A
∗
αx̃+ E
∗
d,αd+ E
∗
f,αf + χα)
TPαx̃+ x̃
TPα(A
∗
αx̃+ E
∗
d,αd+ E
∗
f,αf + χα)
=x̃T (PαA
∗
α +A
∗T
α Pα)x̃+ x̃
TPα(E
∗
d,αd+ E
∗
f,αf)
+ (Ed,αd+ E
∗
f,αf)
TPαx̃+ x̃
TPαχ+ χ
T
αPαx̃
<x̃T (PαA
∗
α +A
∗
αPα)x̃+ x̃
TPα(E
∗
d,αd+ E
∗
f,αf)
+ (E∗d,αd+ E
∗
f,αf)
TPαx̃+ x̃
TPαP
T
α x̃+ χ
T
αχα
<x̃T (PαA
∗
α +A
∗
αPα)x̃+ x̃
TPα(E
∗
d,αd+ E
∗
f,αf)
+ (E∗d,αd+ E
∗
f,αf)
TPαx̃+ x̃
TP 2αx̃+ ε
2
xx
TNTx Nxx
<x̃T (PαA
∗
α +A
∗
αPα)x̃+ x̃
TPα(E
∗
d,αd+ E
∗
f,αf) + x̃
TP 2αx̃
+ (E∗d,αd+ E
∗
f,αf)
TPαx̃+ ε
2
x(2x̃
TNTx,αNx,αx̃+ 2x̂
TNTx,αNx,αx̂)
<x̃T (PαA
∗
α +A
∗
αPα + 2P
2
α + 2ε
2
xN
T
x,αNx,α)x̃+ x̃
TPαE
∗
d,αd
+ dTE∗Td,αPαx̃+ x̃
TPαE
∗
f,αf + f
TE∗Tf,αPαx̃+ 2ε
2
xx̂
TNTx,αNx,αx̂
V̇2,α = ˙̂x
TPαx̂+ x̂
TPα ˙̂x
=(Aαx̂+Bαu+ LαCαx̃+ LαFd,αd+ LαFf,αf)
TPαx̂
+ x̂TPα(Aαx̂+Bαu+ LαCαx̃+ LαFd,αd+ LαFf,αf)
=x̂T (ATαPα + PαAα)x̂+ x̂
TPαBαu+ u
TBTαPαx̂+ x̂
TPαLαCαx̃
+ x̃TCTαL
T
αPαx̂+ x̂
TPαLαFd,αd+ d
TFTd,αL
T
αPαx̂
+ x̂TPαLαFf,αf + f
TFTf,αL
T
αPαx̂
V̇α|f=0 + rTα rα − γ2αdT d
<x̃T (PαA
∗
α +A
∗
αPα + 2P
2
α + 2ε
2
xN
T
x,αNx,α)x̃+ x̃
TPαE
∗
d,αd
+ dTE∗Td,αPαx̃+ 2ε
2
xx̂
TNTx,αNx,αx̂+ x̂
T (ATαPα + PαAα)x̂
+ x̂TPαBαu+ u
TBTαPαx̂+ x̂
TPαLαCαx̃+ x̃
TCTαL
T
αPαx̂
+ x̃TCTαFd,αd+ d
TFTd,αCαx̃+ d
TFTd,αFd,αd+ x̂
TPαLαFd,αd
+ dTFTd,αL
T
αPαx̂+ x̃
TCTαCαx̃− γ2αdT d
<x̃T (PαA
∗
α +A
∗
αPα + 2P
2
α + 2ε
2
xN
T
x,αNx,α + C
T
αCα)x̃+ x̃
T (PαE
∗
d,α
+ CTαFd,α)d+ d
T (E∗Td,αPα + F
T
d,αCα)x̃+ x̂
T (ATαPα + PαAα
+ 2ε2xN
T
x,αNx,α)x̂+ x̂
TPαBαu+ u
TBTαPαx̂+ x̂
TPαLαCαx̃
+ x̃TCTαL
T
αPαx̂+ x̂
TPαLαFd,αd+ d
TFTd,αL
T
αPαx̂+ d
T (FTd,αFd,α − γ2αI)d
= Γα|f=0 < 0
Γα|f=0 < 0
H−/H∞




x̃
d
u
x̂




T 




Ω∗d,α Υ
∗
d,α PαBα C
T
αL
T
αPα
⋆ Jd,α 0 F
T
d,αL
T
αPα
⋆ ⋆ 0 BTαPα
⋆ ⋆ ⋆ Πα









x̃
d
u
x̂




< 0
Ω∗d,α = PαA
∗
α +A
∗
αPα + 2P
2
α + 2ε
2
xN
T
x,αNx,α + C
T
αCα,
Υ∗d,α = PαE
∗
d,α + C
T
αFd,α,
Jd,α = F
T
d,αFd,α − γ2αI,
Πα = A
T
αPα + PαAα + 2ε
2
xN
T
x,αNx,α + C
T
αCα
∀
[
x̃T dT uT x̂T
]T 6= 0





Ω∗d,α Υ
∗
d,α PαBα C
T
αL
T
αPα
⋆ J∗d,α 0 F
T
d,αL
T
αPα
⋆ ⋆ 0 BTαPα
⋆ ⋆ ⋆ Πα





< 0
Pα Lα
Uα = −PαLα PTα Pα
x̂TPαx̂
Πα 2ε
2
xN
T
x,αNx,α
H∞




PαAα + UαCα + C
T
αCα PαEd,α + UαFd,α
+ATαPα + C
T
αUα +C
T
αFd,α
⋆ F Td,αFd,α − γ2αI




< 0
Lα = −P−1α Uα
Nx,α



Ωd,α Υd,α
⋆ Jd,α
Md,α
⋆ Λα


 < 0
H−/H∞
[
Ωd,α Υd,α
⋆ Jd,α
]
< 0
H−
Pα Uα βα
∀α ∈ I







Ωf,α Υf,α PαBα −CTαUTα Pα
⋆ Jf,α 0 F
T
f,αU
T
α 0
⋆ ⋆ 0 BTαPα 0
⋆ ⋆ ⋆ Πα 0
⋆ ⋆ ⋆ ⋆ −12I







< 0
Ωf,α =PαAα + UαCα +A
T
αPα + C
T
αU
T
α − CTαCα + 2ε2xNTx,αNx,α,
Υf,α =PαEf,α + UαFf,α + C
T
αFf,α,
Jd,α =− F Tf,αFf,α + β2αI,
Πα =A
T
αPα + PαAα + 2ε
2
xN
T
x,αNx,α + C
T
αCα
Lα = −P−1α Uα
βα > 0
H−
‖rα|d=0‖2 > βα ‖f‖2
V̇α|d=0 − rTα rα + β2αfT f < 0
H−/H∞
Pα Uα γα
βα ξmaxα ∀α ∈ I







Ωd,α Υd,α PαBα −CTαUTα Pα
⋆ Jd,α 0 −F Td,αUTα 0
⋆ ⋆ 0 BTαPα 0
⋆ ⋆ ⋆ Πα 0
⋆ ⋆ ⋆ ⋆ −12I







< 0







Ωf,α Υf,α PαBα −CTαUTα Pα
⋆ Jf,α 0 F
T
f,αU
T
α 0
⋆ ⋆ 0 BTαPα 0
⋆ ⋆ ⋆ Πα 0
⋆ ⋆ ⋆ ⋆ −12I







< 0
PαAα +A
T
αPα + UαCα + C
T
αU
T
α − 2ξαPα < 0
Pα > 0
Ωd,α = PαAα + UαCα +A
T
αPα + C
T
αU
T
α + C
T
αCα
Ωf,α = PαAα + UαCα +A
T
αPα + C
T
αU
T
α − CTαCα
Υd,α = PαEd,α + UαFd,α + C
T
αFd,α
Υf,α = PαEf,α + UαFf,α − CTαFf,α
Jd,α = F
T
d,αFd,α − γ2αI
Jf,α = −F Tf,αFf,α + β2αI
Πα = A
T
αPα + PαAα + 2ε
2
xN
T
x,αNx,α + C
T
αCα
H− H∞
Lα = −P−1α Uα
H∞ H−
H−
H−/H∞
Lα
n p n− p
H−
H−
H−/H∞
H−/H∞
{
xk+1 = Aα(k)xk +Bα(k)uk + Ef,α(k)fk
yk = Cα(k)xk + Ff,α(k)fk
x ∈ Rn y ∈ Rp u ∈ Rm f ∈ Rnf
α(k) ∈ I = {1, 2, .., Nα}
α(k) = i i
k i = α(k) 6= α(k + 1) = j
{
xk+1 = Aixk +Biuk + Ef,ifk
yk = Cixk + Ff,ifk
{
zk+1 = Fizk +Giyk + Jiuk
x̂k = Mizk +Niyk
z ∈ Rq x̂ ∈ Rn x Fi Gi
Ji Mi Ni
εk = zk − Tixk
Ti ∈ Rq×n
rang(Ci) = p q = n− p
q = n
n− p < q < n
(Ai, Ci)
(
qIn −Ai
Ci
)
= n ∀q ∈ C
Ti
rang
(
Ti
Ci
)
= n
fk = 0
Ti Tj
FiTi +GiCi − TjAi = 0
Ji − TjBi = 0
MiTi +NiCi = In
Fi
x̂k =Mizk +Niyk =Miεk + (MiTi +NiCi)xk
εk → 0 x̂k → xk
x̂k =Miεk + xk
ε
εk+1 = zk+1 − Tjxk+1
= Fizk +Giyk + Jiuk − TjAixk − TjBiuk
= Fiεk + (FiTi +GiCi − TjAi)xk + (Ji − TjBi)uk
x u
e =
x− x̂
{
εk+1 = Fiεk
ek = Miεk
ek → 0 Fi
[
Mi Ni
]
[
Ti
Ci
]
= In



Ti
Ci
In


 =
(
Ti
Ci
)
= n.
H−/H∞
Ei ∈ Rq×n
rang
(
Ei
Ci
)
= rang
(
Ti
Ci
)
= n
Ti Ti Ki
[
Ti
Ci
]
=
[
Iq −Ki
0 Ip
][
Ei
Ci
]
⇐⇒ Ti = Ei −KiCi
⇐⇒
[
Ti Ki
]
[
In
Ci
]
= Ei



In
Ci
Ei


 =
(
In
Ci
)
= n
Ti Ki
Ti = Ei
[
In
Ci
]+ [
In
0
]
Ki = Ei
[
In
Ci
]+ [
0
Ip
]
[
Mi Ni
]
[
Iq −Ki
0 Ip
][
Ei
Ci
]
= In



Γi =
[
Ei
Ci
]
, Γ⊥i = [Ip+q − ΓiΓ+i ],
Π1,i =
[
Iq
0
]
, Π2,i =
[
Ki
Ip
]
, Π3,i =
[
0
Ip
]
[
Mi Ni
]
=
(
Γ+i − L1,iΓ⊥i
)
[
Iq Ki
0 Ip
]
Mi = Γ
+
i Π1,i − L1,iΓ⊥i Π1,i,
Ni = Γ
+
i Π2,i − L1,iΓ⊥i Π2,i
L1,i
Fi Gi
Fi(Ei −KiCi) +GiCi = TjAi
⇐⇒
[
Fi Gi − FiKi
]
Γi = TjAi
(
Γi
TjAi
)
= (Γi) =
(
Ei
Ci
)
= n
[
Fi Gi − FiKi
]
= TjAiΓ
+
i − L2,iΓ⊥i
Fi = TjAiΓ
+
i Π1,i − L2,iΓ⊥i Π1,i,
Gi = TjAiΓ
+
i Π3,i − L2,iΓ⊥i Π3,i + FiKi
= TjAiΓ
+
i (Π3,i +Π1,iKi)− L2,iΓ⊥i (Π3,i +Π1,iKi)
= TjAiΓ
+
i Π2,i − L2,iΓ⊥i Π2,i
A1,i = TjAiΓ
+
i Π1,i, A2,i = Γ
⊥
i Π1,i
G1,i = TjAiΓ
+
i Π2,i, G2,i = Γ
⊥
i Π2,i
{
εk+1 = (A1,i − L2,iA2,i)εk
ek = Miεk
(Ai, Ci)
(A1,i,A2,i).
A : n×m B : m× p
(A) + (B)−m ≤ (AB)
≤ ( (A), (B))
H−/H∞
V1 V2 V3 V4 Xi



V1 =


Iq −TiAiΓ+i
0q Γ
⊥
i
0 ΓiΓ
+
i

 , V2 =
[
Iq 0
−Γ+i Π1,i In
]
V3 =


Iq −sIq 0
0 Iq 0
0 0 Ip

 , V4 =


−Ti −sKi
−Ci sIp −Xi
0 Ip


Xi =
Ip + CiAiC
+
i
( CiAiC
+
i )
, Ĕi = Tj −KiCi
V1 n+q V4 n+p V2 V3
n+ q p+ 2q
n =
(
zIn −Ai
Ci
)
=
(
V4
(
zIn −Ai
Ci
))
=


TiAi − zTi − zKiCi
CiAi −XiCi
Ci


=


TiAi − zEi
Ci 0)
Ci

 =
(
TiAi − zEi
Ci
)


zIq TiAi
Iq Ei
0 Ci

 =

V3


zIq TiAi
Iq Ei
0 Ci




=


0 TiAi − zEi
Iq E
0 Ci

 =
(
TiAi − zEi
Ci
)
+ q


zIq TiAi
Iq Ei
0 Ci

 =

V1


zIq TiAi
Iq Ei
0 Ci

V2


=


zIq − TiAiΓ+i Π1,i 0
Γ⊥i Π1,i 0
0 Γi


=
(
zIq − TiAiΓ+i Π1,i
Γ⊥i Π1,i
)
+ n =
(
zIq − A1,i
A2,i
)
+ n
(
zIn −Ai
Ci
)
= n⇔
(
zIq − A1,i
A2,i
)
= q ∀z ∈ C
Ui Pi Pj ∀i, j ∈ I
[
−Pi AT1,iPj + AT2,iUTj
PjA1,i + UiA2,i −Pj
]
< 0
L2,i = −P−1j Uj
Vα(k) = ε
T
k Pα(k)εk Pα(k) >
0 ∆V = Vα(k+1)−Vα(k) < 0
∆V
∆V =εTk+1Pα(k+1)εk+1 − εTk Pα(k)εk < 0
⇔ εTk (A1,α(k) − L2,α(k)A2,α(k))TPα(k+1)(A1,α(k)
− L2,α(k)A2,α(k))εk − εTk Pα(k)εk < 0
∀εk 6= 0
Uα(k) = L2,α(k)Pα(k)
[
−Pα(k) AT1,α(k)Pα(k+1) − AT2,α(k)UTα(k+1)
⋆ −Pα(k+1)
]
< 0
α(k + 1) = j α(k) = i ∀i, j ∈ S
Ei
Ti Ki
Γ+i Γ
⊥
i Π1,i Π2,i Π3,i Ni
Mi Ji
L2,i
Fi Gi
H−/H∞
L2,i
H−
L1,i
0
r β
‖ri‖2 > βi ‖f‖2
‖Trfi‖− > βi
fk 6= 0
Ji − TiBi = 0
x̂k =Miεk + xk +NiFf,ifk
r = y − ŷ
rk = Cixk + Ff,ifk − (Cix̂k)
= Ci(xk − x̂k) + Ff,ifk
= CiMiεk + (CiNi + I)Ff,ifk
ε
εk+1 = Fiεk + (GiFf,i − TiEf,i)fk
{
εk+1 = Fiεk + (GiFf,i − TiEf,i)fk
rk = CiMiεk + (CiNi + I)Ff,ifk
{
εk+1 = Aiεk + Bf,ifk
rk = Ciεk + Df,ifk



Ai = A1,i − LiA2,i, Bf,i = B1f,i − LiB2f,i
B1f,i = G1,iFf,i − TiEf,i, B2f,i = G2,iFf,i
Ci = CiMi, Df,i = (CiNi + I)Ff,i, Li = L2,i
H−
H−
Pi Pj Ui βi ∀(i, j) ∈ I



−Pj − CTi Ci −CTi Df,i AT1,iPi + AT2,iUi
⋆ −DTf,iDf,i + β2i I BT1,iPi + BT2,iUi
⋆ ⋆ −Pi


 < 0
Li
H−
Li = −P−1i Ui
Vk = ε
T
k Pα(k)εk Pα(k) > 0
εTk+1Pα(k+1)εk+1 − εTk Pα(k)εk − rTk rk + β2i fTk fk < 0
H−
H−
H−
Df,i =
[
D1f,i
0
]
Dadd,i =
[
0
εiI
]
H−/H∞



εk+1 = Aiεk + Bf,ifk
rk = yk − ŷk = Ciεk + Df,ifk
r̃k = (y − ŷ) + Dadd,if
xhk+1 = Ah,ix
h
k +Bh,ir̃k
r′k = Ch,ix
h
k +Dh,ir̃k



[
εk+1
xhk+1
]
=
[
A1,i − LiA2,i 0
Bh,iCi Ah,i
][
εk
xhk
]
+
[
B1f,i − LiB2f,i
Bh,i(Df,i + Dadd,i)
]
fk
r′k =
[
DhiA2,i Chi
]
[
εk
xhk
]
+
[
Dh,i(Df,i + Dadd,i)
]
fk
H−
Pi Pj Ui βi
∀(i, j) ∈ I



−Paj − Ca
T
i C
a
i −Ca
T
i D
a
fi
A
0T
i P
a
i + C
0T
i U
a
i
⋆ −DaTfi D
a
fi
+ β2i I B
0T
i P
a
i + D
0T
fi
U
a
i
⋆ ⋆ −Pai


 < 0
A
0
i B
0
fi
C
0
i F
0
fi
I0
A
0
i =
[
A1,i 0
Bh,iCi Ah,i
]
, I0 =
[
−I
0
]
, C0i =
[
A2,i 0
]
,
B
0
fi
=
[
B1f,i
Bh,i(Df,i + Dadd,i)
]
, D0fi =
[
B2f,i 0
]
C
a
i =
[
DhiA2,i Chi
]
D
a
f,i =
[
Dh,i(Df,i + Dadd,i)
]
Li
H−
Li = −IT0 (Pai )−1Uai
xak =
[
εTk x
hT
k
]T
V ak = x
aT
k P
a
α(k)x
a
k H−
xaTk+1P
a
α(k+1)x
a
k+1 − xaTk P aα(k)xak − rTk rk + β2i fTk fk < 0
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err x1
err x2
err x3
H∞
H−/H∞
A1 =



0.96 0.04 0.02
0.012 0.60 0.64
−0.06 0.08 0.94


 , Ef1 =



0.06
1.2
0.18


 ,
A2 =



0.96 0.04 0.02
0.012 0.60 0.14
−0.02 0.08 0.94


 , Ef2 =



0.07
1.4
0.49


 ,
C1,2 =
[
0.4 0 0
0 .12 0
]
; Ff1,2 =
[
0.01
]
.
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]T
H−
H−/H∞
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rf2
stable
H−/stable
Trf1(jω) Trf2(jω)
Ei Ti Ki
E1 = E2 =
[
10 10 4
−200 1 −10
]
;
(
E1&2
C1&2
)
= 3
H−
Dadd,1 = Dadd,2 =
[
0.046 0.04
]T
,
FH,1(s) = FH,2(s) =
(
s/.095 + 1
s/8 + 1
)2
H−
β H−
H∞
Lα
H−/H∞
{
ẋ(t) = A(ρ(t))x(t) +B(ρ(t))u(t) + Ed(ρ(t))d(t) + Ef (ρ(t))f(t)
y(t) = Cx(t) +Du(t) + Fdd(t) + Fff(t)
x(t) ∈ Rn u(t) ∈ Rm y(t) ∈ Rl d ∈ Rnd f ∈ Rnf
ρ(.)
Pρ
Pρ := {ρ(t) ,
[
ρ1(t) ρ2(t) . . . ρl(t)
]T
∈ Rr
ρi(.) ∈
[
ρ
i
ρi
]
∀i = {1, . . . , r}
A(ρ(t)) B(ρ(t)) Ed(ρ(t)) Ef (ρ(t))
ρ(t)
X(ρ(t)) = ρ1(t)X1 + ρ2(t)X2 + · · ·+ ρr(t)Xr
X(ρ(t)) =
N∑
i=1
ρi(t)Xi
H−/H∞
Pρ
[
A(ρ) B(ρ) Ed(ρ) Ef (ρ)
C D Fd Ff
]
=
N∑
i=1
αi(ρ)
[
A(ωi) B(ωi) Ed(ωi) Ef (ωi)
C D Fd Ff
]
αi
Ψ = {αi(ρ) ∈ RN , αi(ρ) = [α1(ρ), ..., αN (ρ)]T , αi(ρ) ≥ 0, ∀j,
N∑
i=1
αi(t) = 1}
N = 2r
ρ(t) =
N∑
i=1
αi(t)ωi
S = {1, . . . , N} Xi , X(ωi) Ai Bi Ed,i Ef,i
ime



˙̂x =
∑N
i=1 α
i(ρ) [Aix̂+Biu+ L(y − ŷ)]
ŷ =
∑N
i=1 α
i(ρ) [Cx̂+Du]
r =
∑N
i=1 αi(ρ)[y − ŷ]
t
Xρ , X(ρ)
x̃ = x− x̂
˙̃x = (A(ρ)− LC)x̃+ (Ed(ρ)− LFd)d+ (Ef (ρ)− LFf )f
r = Cx̃+ Fdd+ Fff
{
˙̃x = A∗(ρ)x̃+ Ed(ρ)
∗d+ Ef (ρ)
∗f
r = Cx̃+ Fdd+ Fff
A(ρ)∗ = A(ρ)− LC E∗
d(ρ) = Ed(ρ)− LFd Ef (ρ)∗ = Ef (ρ)− LFf
H−/H∞
sup
d∈Rnd
‖r‖2
‖d‖2
< γ (H∞)
inf
f∈R
nf
‖r‖2
‖f‖2
> β (H−)
L β γ
(A(ρ), Ef (ρ), C, Ff )
∀ρ ∈ Pρ
C
ρ(t)
C(ρ)
Fy
Fy :
[
ẋf
yf
]
=
[
Af Bf
Cf 0
][
xf
y
]



ẋ
ẋf
yf


 =



A(ρ) 0 B(ρ) Ed(ρ) Ef (ρ)
BfC(ρ) Af BfD BfFd BfFf
0 Cf 0 0 0










x
xf
u
d
f







ρ(t)
H−



[
˙̃x
ẋh
]
= Aa(ρ)
[
x̃
txh
]
+ Ead (ρ)d+ E
a
f (ρ)f
r = Cax̃+Dadd+D
a
ff
H−/H∞
Aa(ρ) =
[
A(ρ)− LC 0
BFC AF
]
, Eaf (ρ) =
[
Ef (ρ)− LFf
BF (Ff +Dadd)
]
, Ca =
[
DFC CF
]
,
Ead (ρ) =
[
Ed(ρ)− LFd
BFFd
]
, Daf = DF (Ff +Dadd) D
a
d = DFFd
P a > 0 Uai γi
βi ξi ∀i ∈ I 2r+1




P aA0i +A
0T
i P
a
+Uai C
0
i + C
0T
i U
aT
i + C
aT
i C
a
i
P aE0i + U
a
i Fd,i
+Ca
T
i D
a
di
⋆ Da
T
di
Dadi − γ
2
i I




< 0




P aA0i +A
0T
i P
a
+Uai C
0
i + C
0T
i U
aT
i − Ca
T
i C
a
i
P aE0i + U
a
i Ff,i
−CaTi Dafi
⋆ −DaTfi D
a
fi
+ β2i I




< 0
I0P aI0
T
A0i + I
0Uai C
0
i +A
0T
i I
0PI0
T
+ C0
T
i U
aT
i I
0T + 2ξmax,iI
0P aI0
T
< 0
A0i E
0
fi
E0di C
0
i I0
A0i =
[
Ai 0
Bh,iCi Ah,i
]
, E0fi =
[
Ef,i
Bh,i(Ff,i +Dadd,i)
]
, E0di =
[
Ed,i
Bh,iFd,i
]
C0i =
[
−Ci 0
]
, Cai =
[
DhiCi Chi
]
, I0 =
[
−I 0
]
,
Dadi = Dh,iFd,i D
a
fi
= Dh,i(Ff,i +Dadd,i)
Ah,i Bh,i Ch,i Dh,i WFi
WFi(s) :=
[
Ahi Bhi
Chi Dhi
]
L = I0(P a)−1Ua
V = x̃TPαx̃
V = x̃TPx̃ P aα P
a
Ah, Bh, Ch Dh FH
Ah,i, Bh,i, Ch,i Dh,i ∀i ∈ S
i



˙̂xi = (Ai − LC)x̂i +
[
(Bi − LD) L
]
[
u
y
]
ri = −Cx̂i +
[
−D I
]
[
u
y
]
r =
∑N
i=1 α
i(t)ri
[
β̇(t)
ψ̈(t)
]
=


− cr+cf
mv(t)
crlr−cf lf
mv2(t)
− 1
crlr−cf lf
Iz
− crl
2
r+cf l
2
f
Izv(t)


[
β(t)
ψ̇(t)
]
+
[
cf
mv(t)
crlf
Iz
]
uL(t) +
[
1
mv
lw
Iz
]
Fw(t)
y =
[
− cr+cf
m
cf lf−crlr
mv2(t)
]
[
β(t)
ψ̇(t)
]
+
[
cf
m
]
uL(t)
Fw
1
v
1
v2
uL(t)
H−/H∞
ρ =
[
ρ1
ρ2
]
ρ1 =
1
v
, ρ2 =
1
v2
{
ẋ = A(ρ)x+B(ρ)(u+ f) + Ed(ρ)d
y = C(ρ)x+D(u+ f)
A B Ed C
A(ρ) = A0 + ρ1A1 + ρ2A2
B(ρ) = B0 + ρ1B1
Ed(ρ) = Ed,0 + ρ1Ed,1
C(ρ) = C0 + ρ2C1
ρ
v(t) 20 40 2r = 4
ω1 =
[
ρ
1
ρ
2
]
, ω2 =
[
ρ1 ρ2
]
,
ω3 =
[
ρ1 ρ2
]
, ω4 =
[
ρ
1
ρ2
]
.
ρ2 = ρ
2
1 ω4 =
[
ρ
1
ρ2
]
Pρ
ω1 ω2 ω3
ρ̄1
ρ
2
ρ
1
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ρ2 = ρ
2
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u
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residual signals
2
αi



ρ
1
ρ1 ρ1
ρ
2
ρ
2
ρ2
1 1 1






α1
α2
α3


 =



ρ1
ρ2
1



r = α1r1 + α
2r2 + α
3r3
ri ωi
H−
Ff,add1 =
[
.06
]
, Ff,add2 =
[
.03
]
,
FH,1(s) = FH,2(s) =
(
s/0.05 + 1
s/5 + 1
)2
ξmax = 2
α β
H−/H∞
t = 43 t = 48
H−/H∞
H−/H∞
(
sI −Aα −Ef,α
Cα Ff,α
)
= n+ nf ∀s ∈ C
f
γα
βα
(
sI −Aα −Ef,α
Cα Ff,α
)
= n+ nf ∀s ∈ C
f
6= 0
γα
βα
(
zI −Aα −Ef,α
Cα Ff,α
)
= n+ nf ∀z ∈ C
f
βα
(
sI −A(ρ) −Ef (ρ)
C Ff
)
= n+ nf ∀s ∈ C
f
γ
β
H−/H∞
H−

H∞
H∞
H∞
H∞
H∞
H∞
{
ẋ = Aαx+Bαu+ Ed,αd+ Ef,αf
y = Cαx+Dαu+ Fd,αd+ Ff,αf



˙̂x = Aαx̂+Bαu+ LP,α(y − ŷ) + Ef,αf̂
˙̂
f = LI,α(y − ŷ)
ŷ = Cαx̂+Dαu+ Ff,αf̂
LP,α LI,α
ḟ = 0
ex = x− x̂ ef = f − f̂
ėx = Aαx+Bαu+ Ed,αd+ Ef,αf − (Aαx̂+Bαu+ LP,α(y − ŷ) + Ef,αf̂)
= (Aα − LP,αCα)ex + (Ef,α − LP,αFf,α)ef + (Ed,α − LP,αFd,α)d
ėf = −LI,α(y − ŷ)
= −LI,αCαex − LI,αFf,αef − LI,αFd,αd
[
ėx
ėf
]
=
([
Aα Ef,α
0 0
]
−
[
LP,α
LI,α
]
[
Cα Ff,α
]
)[
ex
ef
]
+
[
Ed,α − LP,αFd,α
−LI,αFd,α
]
d
˙̃x = (Ãα − LαC̃α)x̃+ (Ẽd,α − LαFd,α)d
x̃ =
[
eTx e
T
f
]T
Ãα =
[
Aα Ef,α
0 0
]
, B̃α =
[
Bα
0
]
, Ẽd,α =
[
Ed,α
0
]
,
C̃α =
[
Cα Ff,α
]
Lα =
[
LP,α
LI,α
]
r = y − ŷ
{
˙̃x = (Ãα − LαC̃α)x̃+ (Ẽd,α − LαFd,α)d
r = C̃αx̃+ Fd,αd
Trdα(s) = C̃α(sI −A∗α)−1E∗d,α + Fd,α
A∗α = Ãα − LαC̃α E∗d,α = Ẽd,α − LαFd,α
H∞
‖Trdα‖∞ < γα
Lα =
[
LTP,α L
T
I,α
]T
γα
(Ãα, C̃α)
([
sI − Ãα
C̃α
])
= n+ nf , ∀s ∈ C, ∀α ∈ I
⇔






sI −Aα −Ef,α
0 sInf
Cα Ff,α





 = n+ nf , ∀s ∈ C, ∀α ∈ I
H∞
Pα > 0 Uα
γα ξα ∀α ∈ I



PαÃα + Ã
T
αPα + UαC̃α + C̃
T
αU
T
α PαẼdα + UαFdα C
T
α
⋆ −I F Tdα
⋆ ⋆ −γ2αI


 < 0
PαÃα + Ã
T
αPα + UαC̃α + C̃
T
αU
T
α + 2ξαPα < 0
Pα > 0
H∞
Lα = P
−1
α Uα
LPα =
[
Ip 0p×nf
]
Lα
LIα =
[
0nf×p Inf
]
Lα
H∞ Aα Efα
Cα Ãα Ẽfα C̃α
[
˙̂x
˙̂
f
]
=
[
Aα − LP,αCα Ef,α − LP,αFf,α
−LI,αCα −LI,αFf,α
][
x̂
f̂
]
+
[
Bα − LP,αDα LP,α
−LI,αDα LI,α
][
u
y
]
{
ẋ = Āαx+Bαu+ Ēd,αd+ Ēf,αf
y = C̄αx+Dαu+ F̄d,αd+ F̄f,αf
M̄α = Mα +HM,α∆M,αNM,α
M ∆M,α
HM,α
NM,α
L2
∆TM,α∆M,α ≤ ε2M,αI ∀α ∈ I
∆TM,α∆M,α ≤ I
HM,α εM,α
Pα > 0 Uα γα δi,α i = A,Ed, C, Fd ξα ∀α ∈ I
[
Ωα Πα
⋆ ∆α
]
< 0
PαÃα + Ã
T
αPα + UαC̃α + C̃
T
αU
T
α + 2ξαPα < 0
Pα > 0
Ωα =



PαÃα + Ã
T
αPα + UαC̃α + C̃
T
αU
T
α PαẼdα + UαFdα C
T
α
⋆ −I F Tdα
⋆ ⋆ −γ2αI



Πα =
[
Π1α Π2α
]
Π1α =



PαH̃Aα Ñ
T
Aα
UαH̃Cα Ñ
T
CFf,α
PαH̃Ed,α 0
0 0 0 0 0 ÑTEd,α
0 0 0 0 0 0



Π2α =



UαH̃Fd,α 0 0 Ñ
T
Cα
0 0
0 NTFd,α 0 0 0 N
T
Fd,α
0 0 H̃Cα 0 HFd,α 0



∆α = (∆1,α,∆2,α)
∆1,α = (δA,αI, δ
−1
A,αI, δCFd,αI, δ
−1
CFd,α
I, δEd,αI, δ
−1
Ed,α
I)
∆2,α = (δFd,αI, δ
−1
Fd,α
I, δC,αI, δ
−1
C,αI, δFd,αI, δ
−1
Fd,α
I)
H∞
Lα = P
−1
α Uα
Ăα =
[
Āα Ēf,α
0 0
]
=
[
Aα Ef,α
0 0
]
+
[
HAα HEf,α
0 0
] [
∆Aα 0
0 ∆Ef,α
] [
NAα 0
0 NEf,α
]
= Ãα + H̃A,α∆AEf ,αÑA,α
B̆α =
[
B̄α
0
]
=
[
Bα
0
]
+
[
HBα
0
]
∆BαNBα
= B̃α + H̃B,α∆B,αÑB,α
Ĕd,α =
[
Ēd,α
0
]
=
[
Ed,α
0
]
+
[
HEd,α
0
]
∆Ed,αNEd,α
= Ẽd,α + H̃Ed,α∆Ed,αÑEd,α
C̆α =
[
C̄α F̄f,α
]
=
[
Cα Ff,α
0 0
]
+
[
HCα HFf,α
]
[
∆Cα 0
0 ∆Ff,α
] [
NCα 0
0 NFf,α
]
= C̃α + H̃C,α∆CFf ,αÑC,α
Ãα Ẽd,α C̃α Ăα Ĕd,α C̆α


PαĂα + Ă
T
αPα + UαC̆α + C̆
T
αU
T
α PαĔdα + UαF̄dα C̄
T
α
⋆ −I F̄Tdα
⋆ ⋆ −γ2αI

 < 0
Ψα := Ωα + S




PαH̃A,α
0
0

∆AEf ,α
[
ÑA,α 0 0
]
+


UαH̃C,α
0
0

∆CFf ,α
[
ÑCFf ,α 0 0
]


+ S




PαH̃Ed,α
0
0

∆Ed,α
[
0 ÑEd,α 0
]
+


UαHFd,α
0
0

∆Fd,α
[
0 NFd,α 0
]


+ S




0
0
HC,α

∆C,α
[
NC,α 0 0
]
+


0
0
HFd,α

∆Fd,α
[
0 NFd,α 0
]

 < 0
Υα
Υα = S






UαH̃C,α
0
0

∆CFf ,α



ÑTCFf ,α
0
0



T
+


PαH̃Ed,α
0
0

∆Ed,α


0
ÑTEd,α
0


T
+


UαHFd,α
0
0

∆Fd,α


0
NTFd,α
0


T
+


0
0
HC,α

∆C,α


NTC,α
0
0


T
+


0
0
HFd,α

∆Fd,α


0
NTFd,α
0


T


∆M,α
Ψα < Ωα + δ
−1
Aα
I


PαH̃A,α
0
0




PαH̃A,α
0
0


T
+ δAαI


ÑTA,α
0
0




ÑTA,α
0
0


T
+Υα < 0







Ωα +Υα
PαH̃A,α
0
0
ÑTA,α
0
0
⋆
−δAαI 0
0 −δ−1AαI







< 0
Υα
Bα Dα
A
D̄
Fy :
[
ẋy
yy
]
=
[
Ay By
Cy 0
][
xy
y
]



ẋ
ẋy
yy


 =



Ā 0 B Ed Ef
ByC̄ Ay ByD̄ ByF̄d ByF̄f
0 Cf 0 0 0










x
xy
u
d
f







B̄
Fu :
[
ẋu
u
]
=
[
Au Bu
Cu 0
][
xu
uu
]



ẋ
ẋu
y


 =



Ā B̄Cu 0 Ed Ef
0 Au Bu 0 0
C 0 DCu Fd Ff










x
xu
uu
d
f







{
ẋ = Aix+Biu+ Ef,if
y = Cix+Diu+ Ff,if



ż = Fiz +Giy + Jiu+ Vif̂
˙̂
f = LIi(y − ŷ)
x̂ = Miz +Niy +Hiu+Qif̂
ŷ = Cix̂+Diu+ Ff,if̂
z ∈ Rq x̂ ∈ Rn x f̂ ∈ Rnf
Fi Gi Ji Vi Mi Ni
ε = z − Tix
Ti ∈ Rq×n
x̂ =Miz +Niy +Hiu+Qif̂
=Miε+ (MiTi +NiCi)x+ (NiDi +Hi)u+NiFf,if +Qif̂
ex = x̂− x ef = f̂ − f
ex = x̂− x =Miε+ (MiTi +NiCi)x+NiFf,if +Qif̂ − x
=Miε+ (MiTi +NiCi − I)x+ (NiDi +Hi)u+NiFf,if +Qif̂
ėf =
˙̂
f − ḟ = LIi(y − ŷ)
= LIi(Cix+ Ff,if − Cix̂− Ff,if̂)
= −LIiCiex − LIiFf,ief
ε
ε̇ = ż − Tj ẋ
= Fiz +Giy + Jiu+ Vif̂ − TjAix− TjBiu− TjEf,if
= Fiε+ (FiTi +GiCi − TjAi)x+ (Ji − TjBi +GiDi)u+ (GiFfi − TjEf,i)f + Vif̂
FiTi +GiCi − TjAi = 0
Ji − TjBi +GiDi = 0
NiDi +Hi = 0
GiFfi − TjEf,i + Vi = 0
MiTi +NiCi = In
NiFf,i +Qi = 0
ex =Miε+Qief
ėf = −LIiCiex − LIiFf,ief
ε̇ = Fiε+ Vief
ε̇ = Fiε+ Vief
ėf = −LIiCi(Miε+Qief )− LIiFf,ief
= −LIiCiMiε− LIi(CiQi + Ff,i)ef
= −LIiCiMiε− LIi(−CiNiFf,i + Ff,i)ef
[
ε̇
ėf
]
=
[
Fi TjEf,i −GiFfi
−LIiCiMi −LIi(I − CiNi)Ff,i
][
ε
ef
]
Mi = Γ
+
i Π1,i
Ni = Γ
+
i Π2,i
Fi = TjAiΓ
+
i Π1,i − LPiΓ⊥i Π1,i
Gi = TjAiΓ
+
i Π2,i − LPiΓ⊥i Π2,i



Γi =
[
Ei
Ci
]
, Γ⊥i = [Ip+q − ΓiΓ+i ],
Π1,i =
[
Iq
0
]
, Π2,i =
[
Ki
Ip
]
,
Ti = Ei
[
In
Ci
]+ [
In
0
]
Ki = Ei
[
In
Ci
]+ [
0
Ip
]
[
ε̇
ėf
]
=
[
TjAiΓ
+
i Π1,i − LPiΓ⊥i Π1,i TjEf,i − (TjAiΓ+i Π2,i − LPiΓ⊥i Π2,i)Ffi
−LIiCiΓ+i Π1,i −LIi(I − CiΓ+i Π2,i)Ff,i
][
ε
ef
]
=
[
TjAiΓ
+
i Π1,i TjEf,i − TjAiΓ+i Π2,iFfi
0 0
]
+
[
−LPiΓ⊥i Π1,i +LPiΓ⊥i Π2,iFfi
−LIiCiΓ+i Π1,i −LIi(I − CiΓ+i Π2,i)Ff,i
][
ε
ef
]
Γ⊥i Π1,i Π2,i
[
0 Ip
]
Γ⊥i =
[
0 Ip
]
[
Iq 0
0 Ip
]
−
[
0 Ip
]
[
Ei
Ci
][
Ei
Ci
]+
=
[
0 Ip
]
− Ci
[
Ei
Ci
]+
[
0 Ip
]
Γ⊥i Π1,i =
[
0 Ip
]
Π1,i − Ci
[
Ei
Ci
]+
Π1,i
= −CiΓ+i Π1,i
[
0 Ip
]
Γ⊥i Π2,i =
[
0 Ip
]
Π2,i − Ci
[
Ei
Ci
]+
Π2,i
= Ip − CiΓ+i Π2,i
[
ε̇
ėf
]
=
[
TjAiΓ
+
i Π1,i TjEf,i − TjAiΓ+i Π2,iFfi
0 0
]
+
[
−LPiΓ⊥i Π1,i +LPiΓ⊥i Π2,iFfi
−LIiCiΓ+i Π1,i −LIi(I − CiΓ+i Π2,i)Ff,i
][
ε
ef
]
=
[
TjAiΓ
+
i Π1,i TjEf,i − TjAiΓ+i Π2,iFfi
0 0
]
−
[
LPi
LIi
[
0 Ip
]
]
[
Γ⊥i Π1,i −Γ⊥i Π2,iFfi
]
[
ε
ef
]
{
˙̄e = (Āi − L̄iC̄i)ē
ē =
[
ε
ef
]
, L̄i =
[
LPi
LIi
[
0 −Ip
]
]
,
Ǎi = TjAiΓ
+
i Π1,i, Ěfi = TjEf,i − TjAiΓ+i Π2,iFfi ,
Či = Γ
⊥
i Π1,i, F̌fi = −Γ⊥i Π2,iFfi ,
Āi =
[
Ǎi Ěfi
0 0
]
, C̄i =
[
Či F̌fi
]
(Aα, Efα , Cα, Ffα)
(Ǎα, Ěfα , Čα, F̌fα)
(
sIn −Ai −Efi
Ci Ffi
)
= n+ nf ⇔
(
sIq − Ǎi −̌Efi
Či F̌fi
)
= q + nf
∀s ∈ C, ∀α ∈ I
q + nf
V1 V2 V3 V4 Xi



V1 =


Iq −TiAiΓ+i
0q Γ
⊥
i
0 ΓiΓ
+
i

 , V2 =


Iq 0
−Γ+i Π1,i −Γ+i Π2,iFf,i
0 Inf


V3 =


Iq −sIq 0
0 Iq 0
0 0 Ip

 , V4 =




−Ti −sKi 0
−Ci sIp −Xi Yi
0 Ip 0
0 0 Inf




Xi = −Ip + CiAiC+i , Yi = Ff − sCiAiC+i Ff,i + sCiEf,i
V1 n + q V4 n + p + nf V2 V3
q + nf p+ 2q
(Ãi, C̃i) ∀i ∈ I
([
sI − Ãi
C̃i
])
=




sI −Ai −Ef,i
0 sI
Ci Ff,i




=



([
sI −Ai −Ef,i
Ci Ff,i
])
= n+ nf , s = 0
([
sI −Ai
Ci
])
+ nf = n+ nf , ∀s ∈ C− {0}
= n+ nf , ∀s ∈ C
n+ nf =
(
sIn −Ai −Efi
Ci Ffi
)
=


sIn −Ai −Efi
Ci Ffi
0 sI


=

V4


sIn −Ai −Efi
Ci Ffi
0 sI




=




TiAi − sTi − sKiCi TiEfi − sKiFfi
CiAi −XiCi −CiEfi + sFfi −XiFfi − sYi
Ci Ffi
0 sInf




=




TiAi − sTi − sKiCi TiEfi − sKiFfi
Ci Ffi
Ci Ffi
0 sInf




=
(
TiAi − sEi TiEfi − sKiFfi
Ci Ffi
)
∀s ∈ C
Mi =


sIq TiAi TiEfi
Iq Ei KiFfi
0 Ci Ffi


(
Mi
)
=

V3


sIq TiAi TiEfi
Iq Ei KiFfi
0 Ci Ffi




=


0 TiAi − sEi TiEfi − sKiFfi
Iq Ei KiFfi
0 Ci Ffi


=
(
TiAi − sEi TiEfi − sKiFfi
Ci Ffi
)
+ q
= n+ nf + q
MiV2
(
Mi
)
+ (V2)− (q + n+ nf ) ≤ (MiV2) ≤
( (
Mi
)
, (V2)
)
⇒q + n+ nf + q + nf − (q + n+ nf ) ≤ (MiV2) ≤ (q + n+ nf , q + nf )
(MiV2) = q + nf
q + nf = (MiV2) =


sIq TiAi TiEfi
Iq Ei KiFfi
0 Ci Ffi




Iq 0
−Γ+i Π1,i −Γ+i Π2,iFf,i
0 In


=




sIq − TiAiΓ+i Π1,i −TiAiΓ+i Π2,iFf,i + TiEfi
Iq − EiΓ+i Π1,i −EiΓ+i Π2,iFf,i +KiFf,i
−CiΓ+i Π1,i −CiΓ+i Π2,iFf,i + Ff,i




=




sIq − TiAiΓ+i Π1,i −TiAiΓ+i Π2,iFf,i + TiEfi
Iq − EiΓ+i Π1,i −EiΓ+i Π2,iFf,i +KiFf,i
−CiΓ+i Π1,i −CiΓ+i Π2,iFf,i + Ff,i




=




sIq − TiAiΓ+i Π1,i −TiAiΓ+i Π2,iFf,i + TiEfi[
Iq
0
]
−
[
Ei
Ci
]
Γ+i Π1,i −
[
Ei
Ci
]
Γ+i Π2,iFf,i +
[
Ki
Ip
]
Ff,i




=
([
sIq − TiAiΓ+i Π1,i −TiAiΓ+i Π2,iFf,i + TiEfi
Π1,i − ΓiΓ+i Π1,i −ΓiΓ+i Π2,iFf,i +Π2,iFf,i
])
=
([
sIq − TiAiΓ+i Π1,i −TiAiΓ+i Π2,iFf,i + TiEfi
(I − ΓiΓ+i )Π1,i (I − ΓiΓ+i )Π2,iFf,i
])
=
([
sIq − TiAiΓ+i Π1,i TiEfi − TiAiΓ+i Π2,iFf,i
Γ⊥i Π1,i Γ
⊥
i Π2,iFf,i
])
=
(
sIq − Ǎi Ěfi
Či F̌fi
)
{
ẋ = Aix+Biu+ Ed,id+ Ef,if
y = Cix+Diu+ Ff,if + Fd,id
{
˙̄e = (Āi − L̄iC̄i)ē+ (Ēd,i − L̄iF̄d,i)d
r̄ = C̄iē+ F̄d,id
Ēdi =
[
TjEd,i − TjAiΓ+i Π2,iFdi
0
]
F̄d,i = −Γ⊥i Π2,iFdi
γi ∈ R+ Ūi P̄i > 0



P̄iĀi + Ā
T
i P̄i + ŪiC̄i + C̄
T
i Ūi P̄iĒdi + ŪiF̄di C̄
T
i
⋆ −γ2i I F̄ Tdi
⋆ ⋆ −I


 < 0
L̄i = −P̄−1i Ūi
LPi =
[
Iq+p 0
]
L̄i
LIi =
[
0q+p 0q+p,p
0p,q Ip
]
L̄i
Ãi L̃i C̃i Āi L̄i C̄i



[
ż
˙̂
f
]
=
[
Fi Vi
−LiCiMi Li(CiQi − Ffi)
][
z
f̂
]
+
[
Ji Gi
−LIi(Di + CiHi) LIi(I − CiNi)
][
u
y
]
[
x̂
f̂
]
=
[
Mi Qi
0 I
][
z
f̂
]
+
[
Hi Ni
0 0
][
u
y
]
(q = n)
Ti = I, Ei = I Mi = I,
Ni = 0 Hi = 0, Qi = 0
Gi = LPi Fi = Ai − LPiCi
Vi = Ef,i − LPiFfi Ji = Bi − LPiDi,
q = p)
Ei
Ei = C
⊥
(
sI −Aα −Ef,α
Cα Ff,α
)
= n+ nf ∀s ∈ C
ḟ(t) = 0
γα
(
sI −Aα −Ef,α
Cα Ff,α
)
= n+ nf ∀s ∈ C
ḟ(t) = 0
6= 0
γα
(
sI −Aα −Ef,α
Cα Ff,α
)
= n+ nf ∀s ∈ C
ḟ(t) = 0
γα
v
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v
x
v
α
1
v
1
v2
[
β̇(t)
ψ̈(t)
]
=


− cr+cf
mv(t)
crlr−cf lf
mv2(t)
− 1
crlr−cf lf
Iz
− crl
2
r+cf l
2
f
Izv(t)


[
β(t)
ψ̇(t)
]
+
[
cf
mv(t)
crlf
Iz
]
uL(t) +
[
1
mv
lw
Iz
]
Fw(t)
y =
[
0 I
]
[
β(t)
ψ̇(t)
]
vα ∈ {v1, v2, ..., vN} δ
α(t)
v(t)
δ
vα
1
v
|v=vα =
1
vα
− 1
v2α
(v − vα) +O(
1
v2
)
1
v2
|v=vα =
1
v2α
− 2
v3α
(v − vα) +O(
1
v3
)
v > 10 O( 1
v3
) << O( 1
v2
) << 1
A =A0 +
1
vα
A1 +
1
v2α
A2
︸ ︷︷ ︸
Aα
+(− 1
v2α
A1 −
2
v3α
A2)
︸ ︷︷ ︸
NA,α
(v − vα)
︸ ︷︷ ︸
∆x,α
B =B0 +
1
vα
B1
︸ ︷︷ ︸
Bα
+− 1
v2α
B1
︸ ︷︷ ︸
NB,α
(v − vα)
︸ ︷︷ ︸
∆u,α
Ed =E0 +
1
vα
E1
︸ ︷︷ ︸
Eα
+− 1
v2α
E1
︸ ︷︷ ︸
ND,α
(v − vα)
︸ ︷︷ ︸
∆d,α
{
ẋ = (Aα +∆x,αNA,α)x+ (Bα +∆u,αNu,α)u+ (Eα +∆d,αNd,α)d
y = Cαx
Fu
Fd
{
ẋ = (Aα +∆x,αNx,α)x+Bαu+ Eαd
y = Cαx
∆x,α
∆Tx,α∆x,α <
δ2
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t t
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f
f̂
ξα = 10
H∞
H∞ ḟ = 0
H∞
H∞
{
xk+1 = Āα(k)xk + Ed,α(k)dk + Ef,α(k)fk
yk = Cα(k)xk + Fd,α(k)dk + Ff,α(k)fk
Āα(k) = Aα(k) +HA,α(k)∆A,α(k)NA,α(k)
α(k) ∈ I = {1, 2, .., Nα}
α(k) = i
i k i = α(k) 6=
α(k + 1) = j
wk =
[
dTk f
T
k
]T
Ew =
[
Ed Ef
]
Fw =
[
Fd Ff
]
{
xk+1 = Aixk + Ew,iwk
yk = Cixk + Fw,iwk
Kf (q
−1)
{
xKk+1 = A
K
i x
K
k +B
K
i yk
f̂k = C
K
i x
K
k +D
K
i yk
xK ∈ Rnk f̂ ∈ Rnf
zk = fk − f̂k xak =
[
xTk x
KT
k
]T
{
xak+1 = A
a
i x
a
k+1 + E
a
i wk
zk = C
a
i x
a
k + F
a
i wk
Aai =
[
Ai 0
BKi Ci A
K
i
]
, Eai =
[
Ew,i
BKi Fw,i
]
, Cai =
[
DKi Ci + C̃i C
K
i
]
,
F ai = D
K
i Fw,i + F̃i, C̃i =
[
0
]
, F̃i =
[
0 −I
]
,
Sous-Système 1
Sous-Système 2
Sous-Système N
α(k)
y(k)
d(k)
f(k)
α(k)
Kf1(q
−1)
Kf2(q
−1)
KfN (q
−1)
α(k)
z(k)
f̂1(k)
f̂2(k)
f̂N (k)
K(q−1)
γi z
T
k zk <
γ2i w
T
k wk
H∞
‖Ti,zw‖∞ < γi
Ti,zw(q
−1) zk wk
H∞
{
xk+1 = Aα(k)xk + Ed,α(k)dk + Ef,α(k)fk
yk = Cα(k)xk + Fd,α(k)dk + Ff,α(k)fk
Pi Pj γi ∀i, j ∈ I × I





−P−1j Aai Eai 0
AaTi −Pi 0 CaTi
EaTi 0 −γ2i I F aTi
0 Cai F
a
i −I





< 0
H∞
Vk = x
aT
k Pα(k)x
a
k > 0
∆Vk = Vk+1 − Vk H∞
Vk = ∆Vk + z
T
k zk − γ2αwTk wk < 0
∆Vk k
∀i, j ∈ I
Vk =x
a
k+1Pα(k+1)x
a
k+1 − xaTk Pα(k)xak + zTk zk − γ2α(k)wTk wk
=
[
xak
wk
]T
[
Aai E
a
i
]T
Pj
[
Aai E
a
i
]
[
xak
wk
]
− γ2i wTk wk
− xaTk Pixak +
[
xak
wk
]T
[
Cai F
a
i
]T [
Cai F
a
i
]
[
xak
wk
]
=
[
xak
wk
]T ([
AaTi
EaTi
]
Pj
[
Aai E
a
i
]
+
[−Pi 0
0 −γ2i I
]
+
[
CaTi
F aTi
]
[
Cai F
a
i
]
) [
xak
wk
]
< 0
∀
[
xaTk w
aT
k
]T 6= 0
Pi Pj
H∞
H∞
Ri Rj Si Sj γi ∀i, j ∈ I × I
[
−Rj +AiRiATi Ei
ETi −γ2i I
]
< 0
WCFTi



ATi SjAi − Si ATi SjEi C̃Ti
ETi SjAi E
T
i SjEi − γ2i I F̃ Ti
C̃Ti F̃i −I


WCF i < 0
[
Ri In
In Si
]
> 0
WCF i =
[
WCFi 0
0 Inf
]
WCFi
[
Ci Fi
]
nk < n
(I −RiSi) ≤ nk
[
Aai E
a
i
Cai F
a
i
]
=
[
A0i E
0
i
C0i F
0
i
]
+
[
Abi E
b
i
Cbi F
b
i
]
=
[
A0i E
0
i
C0i F
0
i
]
+
[Bi
Di
]
Ki
[
Ci Fi
]
A0i =
[
Ai 0
0 0
]
, E0i =
[
Ei
0
]
, C0i =
[
C̃i 0
]
, F 0i = F̃i,
Bi =
[
0 0
0 I
]
, Di =
[
I 0
]
, Ci =
[
Ci 0
0 I
]
, Fi =
[
Fi
0
]
Ki =
[
DKi C
K
i
BKi A
K
i
]
.
Ki
Φi +MTi KiNi +N Ti KTi Mi < 0
Φi =





−P−1j A0i E0i 0
A0Ti −Pi 0 C0Ti
E0Ti 0 −γ2i I F 0Ti
0 C0i F
0
i −I





,
Mi =
[
BTi 0 0 DTi
]
Ni =
[
0 CTi FTi 0
]
WMi WNi Mi
Ni
WMi =







In 0 0
0nk×n 0 0
0 In+nk 0
0 0 Inf+nd
0nf×n 0 0







,
WNi =







In+nk 0 0 0
0 WCi 0 0
0 0 0 0
0 0 WFi 0
0nf×(n+nk) 0 0 Inf







H∞
Ki
WTMiΦiWMi < 0
WTNiΦiWNi < 0
Pi
Pi =
[
Si Ni
NTi Ui
]
=
[
Ri Mi
MTi Vi
]−1
WTMi





−P−1j A0i E0i 0
A0Ti −Pi 0 C0Ti
E0Ti 0 −γ2i I F 0Ti
0 C0i F
0
i −I





WMi < 0
WTMi









−Rj −Mj
−MTj −Vj
Ai 0
0 0
Ei
0
0
0
ATi 0
0 0
−Pi
0
0
C̃Ti
0
ETi 0 0 0 −γ2i I F̃Ti
0 0 C̃i 0 F̃i −I









WMi < 0





−Rj Ai 0 Ei
ATi
0
−Pi
0
0
ETi 0 0 −γ2i I





< 0
[−Rj Ei
ETi −γ2i I
]
+
[
Ai 0
0 0
]
P−1i
[
ATi 0
0 0
]
< 0
P−1i
[−Rj Ei
ETi −γ2i I
]
+
[
Ai 0
0 0
] [
Ri Mi
MTi Vi
] [
ATi 0
0 0
]
< 0
WTNi





−P−1j A0i E0i 0
A0Ti −Pi 0 C0Ti
E0Ti 0 −γ2i I F 0Ti
0 C0i F
0
i −I





WNi < 0
WTNi









−P−1j
Ai 0
0 0
E0i 0
ATi 0
0 0
−Si −Ni
−NTi −Ui
0
0
C̃Ti
0
E0Ti 0 0 −γ2i I F̃Ti
0 C̃i 0 F̃i −I









WNi < 0
WNi
WCFTi







−P−1j
Ai
0
Ei
0
0
0
ATi 0 −Si 0 C̃Ti
ETi 0 0 −γ2i I F̃Ti
0 0 C̃i F̃i −I







WCF i < 0
WCFTi




−Si 0 C̃Ti
0 −γ2i I F̃Ti
C̃i F̃i −I

+


ATi 0
ETi 0
0 0

Pj
[
Ai Ei 0
0 0 0
]

WCF i < 0
Pj
Pi
PiP
−1
i = I Pi
Pi
[
Ri
MTi
]
=
[
I
0
]
⇔
[
Si Ni
NTi Ui
][
Ri
MTi
]
=
[
I
0
]
Ri, Si, Rj , Sj
Mi, Ni, Ui,Mj , Nj , Uj
SiRi +NiM
T
i = I
NTi Ri + UiM
T
i = 0
Xi = I−SiRi
Σi Λi Γi
Xi = ΣiΛiΓ
T
i
H∞
Xi
Gi Mi Ni
Ni = Σi
√
ΛiGi
MTi = G
−1
i
√
ΛiΓ
T
i
Ui
Ui =M
−1
i RiNi
Ri Si Mi Ni Ui
Gi
Pi Pj





−P−1j Aai Eai 0
A
aT
i −Pi 0 CaTi
E
aT
i 0 −γ2i I FaTi
0 Cai F
a
i −I





< 0
SiRi
[
−Ri tI
tI −Si
]
< 0
t
Ai
{
xk+1 = Āα(k)xk + Ed,α(k)dk + Ef,α(k)fk
yk = Cα(k)xk + Fd,α(k)dk + Ff,α(k)fk
H∞
Ri Rj Si Sj γi
ti ∀i, j ∈ I × I





AiRiA
T
i −Rj Ei HA,i AiRiNTA,i
ETi −γ2i I 0 0
HTA,i 0 −α−1i I 0
NA,iRiA
T
i 0 0 NA,iRiN
T
A,i − αiI





< 0
WTCFiΩiWCFi < 0
[
−Ri tI
tI −Si
]
< 0
Ωi =














ATi SjAi
−Si
ATi SjEi C̃
T
i A
T
i SjHA,i N
T
A,i
ETi SjAi
ETi SjEi
−γ2i I
F̃ Ti E
T
i SjHA,i 0
C̃i F̃i −I 0 0
HTA,iSjAi H
T
A,iSjEi 0
HTA,iSjHA,i
−α−1i I
0
NA,i 0 0 0 −αiI














WCFi =
[
WCFi 0
0 Inf+nh+na
]
αi WCFi
[
Ci Fi
]
Āai =
[
Āi 0
BKi Ci A
K
i
]
=
[
Ai +HA,i∆A,iNA,i 0
BKi Ci A
K
i
]
=
[
Ai 0
BKi Ci A
K
i
]
+HaA,i∆A,iN
a
A,i
HaA,i =
[
HA,i
0
]
NaA,i =
[
NA,i 0
]
Gi =





−P−1j Āai Eai 0
ĀaTi −Pi 0 CaTi
EaTi 0 −γ2i I F aTi
0 Cai F
a
i −I





< 0
H∞
Φ2,i + S








HaAi
0
0
0




∆A,i
[
0 NaAi 0 0
]




< 0
Φ2,i =





−P−1j Aai Eai 0
AaTi −Pi 0 CaTi
EaTi 0 −γ2i I F aTi
0 Cai F
a
i −I





X =
[
HaTAi 0 0 0
]
Y =
[
0 NaAi 0 0
]
Gi < Φ2,i + αX TX +
1
α
YTY < 0









−P−1j Aai Eai 0 HaAi 0
AaTi −Pi 0 CaTi 0 NaTAi
EaTi 0 −γ2i I F aTi 0 0
0 Cai F
a
i −I 0 0
HaTAi 0 0 0 −α
−1
i I 0
0 NaAi 0 0 0 −αiI









< 0
Ai
Cα(k)
H∞
H∞
Wd(q−1)
Wf (q−1) f̂k
f
Sous-Système 1
Sous-Système 2
Sous-Système N
α(k)
y(k)
d(k)
f(k)
α(k)
α(k)
Kf1(q
−1)
ˆ̄f1(k)
f̄1(k)Wf1(q−1)
Kf2(q
−1)
ˆ̄f2(k)
f̄2(k)
KfN (q
−1)
ˆ̄fN (k)
f̄N (k)WfN (q−1)
Wf2(q−1)
z̄(k)
Wdα(q−1)
d̄(k)
Wd Wf
{
xFk+1 = A
F
i x
F
k +B
F
i fk
f̄k = C
F
i x
F
k +D
F
i fk
{
xDk+1 = A
D
i x
D
k +B
D
i d̄k
dk = C
D
i x
D
k +D
D
i d̄k
xFk ∈ RnF xDk ∈ RnD (fk) (f̄k) (dk) = (d̄k)
K(q−1) L2
wTk =
[
d̄Tk f
T
k
]
zk = f̄k − f̂k
xak =
[
xTk x
FT
k x
DT
k x
KT
k
]T
{
xak+1 = A
a
i x
a
k+1 + E
a
i wk
zk = C
a
i x
a
k + F
a
i wk
H∞
Aai =
[
Ăi 0
BKi C̆i A
K
i
]
, Eai =
[
Ĕw,i
BKi F̆w,i
]
,
Cai =
[
DKi C̆i + Či C
K
i
]
, F ai = D
K
i F̆w,i + F̌i,
Ăi =



Āi 0 Ed,iC
D
i
0 AFi 0
0 0 ADi


 , Ĕw,i =



Ed,iD
D
i Ef,i
0 BFi
BDi 0


 ,
C̆i =
[
Ci 0 Fd,iC
D
i
]
, F̆w,i =
[
Fd,iD
D
i Ff,i
]
,
Či =
[
0 −CFi 0
]
, F̌i =
[
0 −D̃Fi
]
.
K(q−1)
γi z
T
k zk <
γ2i w
T
k wk
Ai Ew,i Ci Fw,i C̃i F̃i Ăi Ĕw,i C̆i F̆w,i Či F̌i
ξi
Ki
H∞
H∞
H∞
(
sI −Aα −Ef,α
Cα Ff,α
)
= n+ nf ∀s ∈ C
ḟ(t) = 0
γα
H∞
(
sI −Aα −Ef,α
Cα Ff,α
)
= n+ nf ∀s ∈ C
ḟ(t) = 0
6= 0
γα
H∞
(
sI −Aα −Ef,α
Cα Ff,α
)
= n+ nf ∀s ∈ C
ḟ(t) = 0
6= 0
γα
H∞
Wfi Wdi
γi ti
Ri Si Pi
Ki(q
−1)
Pi
Pi = Pj = ... = P ∀i, j ∈ {1..N} .
H∞
Pi =
[
P1,i 0
0 P2,i
]
Pi
Pi =
[
P1 N
NT P2,i
]
(N) 6= 0
Pi
Pi =
[
Si Ni
NTi Ui
]
n
2n
P
2n × n2
n2
3n− 2
H∞
A1 =
[
1 0.1
−0.1 0.89
]
, A2 =
[
1 0.07
0.1 0.91
]
, Ed1 = Ed,2 =
[
0.01
0.02
]
Ef1 =
[
0.02
0.01
]
, Ef,2 =
[
0.022
0.011
]
, C1 = C2 =
[
1 0
]
Fd,1 = Fd,2 =
[
0.01
]
, Ff,1 = Ff,2 =
[
1.6
]
HA,1 = HA,2 =
[
0.2 0.002
]T
NA,1 =
[
0.22 0.128
]
NA,2 =
[
0.22 0.13
]
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Temps [s]
 
 
fk
f̂k
H∞
Wf
W−1d
f̂k fk
K(q−1)
y =
[
− cr+cf
m
cf lf−crlr
mv2(t)
]
[
β(t)
ψ̇(t)
]
+
[
cf
m
]
uL(t)
C =C0 +
1
v2α
C1
︸ ︷︷ ︸
Cα
+− 1
v3α
C1
︸ ︷︷ ︸
NC,α
(v − vα)
︸ ︷︷ ︸
∆c,α
{
ẋ = (Aα +∆x,αNA,α)x+ (Bα +∆u,αNu,α)u+ (Eα +∆d,αNd,α)d
y = (Cα +∆C,αNC,α)x+Dαu
Fy
{
ẋ = (Aα +∆A,αNA,α)x+ (Bα +∆u,αNu,α)u+ (Eα +∆d,αNd,α)d
ȳ = Cαx+Dαu
Bi Edi
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f
 f
estim
H∞
H∞
L
{
xk+1 = Axk +Buk + Edk + ψkθk
yk = Cxk
u ∈ Rm y ∈ Rp ψk
θk ∈ Rnp
θk+1 − θk < β
ψk
uk yk
ψk
dk
‖d‖2 < η



φk+1 = (A− LC)φk + ψk
x̂k+1 = Ax̂k +Buk + ψkθ̂k + L(yk − ŷk) + φk+1(θ̂k+1 − θ̂k)
ŷk = Cx̂k
L x̂k
x d
θ̂ θ
{
xk+1 = Axk + Edk
yk = Cxk
dk
x̂k+1 = Ax̂k + L(yk − Cx̂k)
x̃ = x− x̂
r = γ×η P U
γ



−P ETPA+ ETUC ATP + CTUT
⋆ ETPE − γ2I 0
⋆ ⋆ −P


 < 0
L = −P−1U
r = Cx̃ Vk = x̃
TPx̃
Vk > 0 Vk+1−Vk < 0 H∞ rT r−γ2dT d < 0
Vk+1 − Vk + rT r − γ2dT d < 0
θ̂
θ
θ̂
ek yk
k k − 1
ek = yk − ŷk
= yk − Ckx̂k
Zk Q̄k
zNk Q
N
k N t = k −N
t = k
ZNk =
(
ZN−1k−1
zk
)
, Q̄Nk =
(
Q̄N−1k−1 0
0 Qk
)
L2
N
V = EN
T
(x̂k,θ̂k)
EN
(x̂k,θ̂k)
=
N∑
i=1
e2i =
∥
∥
∥C̄NX̂Nk − Y Nk
∥
∥
∥
2
2
ENT
(x̂k,θ̂k)
=
[
(Cx̂1 − y1)T (Cx̂2 − y2)T . . . (Cx̂N − yN )T
]
θ̂
θk N θ̂k+1 = θ̂k = θ̂
EN
(x̂k,θ̂)
= C̄N
(
ĀNX̂Nk−1 + B̄
NUNk−1 +Ψ
N
k−1θ̂
+L̄N (Y Nk−1 − C̄NX̂Nk−1)
)
− Y Nk
V θ̂
∂V
∂θ̂
=2
∂ENT
(x̂k,θ̂)
∂θ̂
EN
(x̂k,θ̂)
=2ΨNTk−1C̄
NT
[
C̄N
(
ĀNX̂Nk−1 + B̄
NUNk−1 +Ψ
N
k−1θ̂
+L̄N (Y Nk−1 − C̄NX̂Nk−1)
)
− Y Nk
]
L2 V
∂V
∂θ̂
= 0
∂2V
∂θ̂2
> 0
2ΨN
T
k C̄
NT C̄NΨNk θ̂
N = 2ΨN
T
k C̄
NT
[
Y Nk − C̄N (ĀN − L̄N C̄N )X̂Nk−1
−C̄N L̄NY Nk−1 − C̄N B̄N ŪNk−1
]
2ΨN
T
k C̄
NT C̄NΨNk > 0
Pk
MK
PNk =
(
ΨTk C̄
NT C̄NΨk
)−1
MNk =Yk − C̄N (ĀN − L̄N C̄N )X̂Nk−1 − C̄N L̄NY Nk−1 − C̄N B̄N ŪNk−1
θ̂N = PNk Ψ
NT
k C̄
NMNk
θ̂
θ̂N+1 = PN+1k+1 Ψ
N+1T
k+1 C̄
N+1MN+1k+1
ΨN+1k+1 M
N+1
k+1
ΨN+1k+1 =
(
ΨNk
ψk+1
)
, MN+1k+1 =
(
MNk
mk+1
)
k + 1
PN+1k+1 =
(
ΨN+1
T
k+1 C̄
NT C̄NΨN+1k+1
)−1
=
[(
ΨNk
ψk+1
)T
C̄N+1
T
C̄N+1
(
ΨNk
ψk+1
)]−1
=
[
ΨN
T
k C̄
NT C̄NΨNk + ψ
T
k+1C
TCψk+1
]−1
C̄N
B = ψTk+1C
T , C = I, D =
Cψk+1 A = Ψ
NT
k C̄
NT C̄NΨNk = P
N−1
k
PN+1k+1 =
[
ΨN
T
k C̄
NT C̄NΨNk + ψk+1C
TCψTk+1
]−1
= PNk − PNk ψTk+1CT
[
Cψk+1P
N
k ψ
T
k+1C
T + I
]−1
Cψk+1P
N
k
Kk+1
Kk+1 = P
N
k ψ
T
k+1C
T
[
Cψk+1P
N
k ψ
T
k+1C
T + I
]−1
PN+1k+1 = P
N
k −Kk+1Cψk+1PNk
= (I −Kk+1Cψk+1)PNk
Kk+1
Kk+1 +Kk+1Cψk+1P
N
k ψ
T
k+1C
T = PNk ψ
T
k+1C
T
⇔ Kk+1 = PNk ψTk+1CT −Kk+1Cψk+1PNk ψTk+1CT
ψTk+1C
T
PN+1k+1 ψ
T
k+1C
T = PNk ψ
T
k+1C
T −Kk+1Cψk+1PNk ψTk+1CT
= Kk+1
θ̂N+1 = PN+1k+1 Ψ
N+1T
k+1 C̄
N+1MN+1k+1
= PN+1k+1 (Ψ
NT
k C̄
NMNk + ψ
T
k+1C
Tmk+1)
= (I −Kk+1Cψk+1)PNk ΨN
T
k C
NMNk + P
N+1
k+1 ψ
T
k+1C
Tmk+1
= (I −Kk+1Cψk+1)θ̂N +Kk+1mk+1
Γk = I −KkCψk
(N + 1)
θ̂N+1 = Γk+1θ̂
N +Kk+1mk+1



φk+1 = (A− LC)φk + ψk
ŷk = Cx̂k
mk+1 = yk+1 − C(A− LC)x̂k − CBuk − CLyk
Kk+1 = Pkψ
T
k+1C
T
[
Cψk+1Pkψ
T
k+1C
T + I
]−1
Γk+1 = I −Kk+1Cψk+1
Pk+1 = Γk+1Pk
θ̂k+1 = Γk+1θ̂k +Kk+1mk+1
x̂k+1 = Ax̂k +Buk + ψkθ̂k + L(yk − ŷk) + φk+1(θ̂k+1 − θ̂k)
xk−x̂k θk−θ̂k
Ω k →∞
µk+1 = Gµk
wk rk rk+1 = Grk + wk
wk 0
rk 0
wk Ω
rk 0
Ω
x̃k = xk−x̂k θ̃k = θk− θ̂k
rk = x̃k − φkθ̃k
x̃k+1 = xk+1 − x̂k+1 = Axk +Buk + Edk + ψkθk
−
[
Ax̂k +Buk + ψkθ̂k + L(yk − ŷk) + φk+1(θ̂k+1 − θ̂k)
]
= (A− LC)x̃k + Eddk + ψk(θk − θ̂k)− φk+1(θ̂k+1 − θ̂k)
= (A− LC)x̃k + Eddk + ψkθ̃k − φk+1(θ̂k+1 − θ̂k)
= (A− LC)x̃k + Eddk + [φk+1 − (A− LC)φk] θ̃k − φk+1(θ̂k+1 − θ̂k)
= (A− LC)
[
x̃k − φkθ̃k
]
+ Eddk + φk+1θ̃k − φk+1(θ̂k+1 − θ̂k)
= (A− LC)
[
x̃k − φkθ̃k
]
+ Eddk + φk+1
[
θ̃k − θ̂k+1 + θ̂k
]
= (A− LC)rk + Eddk + φk+1
[
θk − θ̂k+1
]
rk+1
rk+1 = x̃k+1 − φk+1θ̃k+1
= (A− LC)rk + Eddk + φk+1
[
θk − θ̂k+1 − θ̃k+1
]
= (A− LC)rk + Edk + φk+1(θk − θk+1)
L µk+1 =
(A − LC)µk
φk+1 = (A− LC)φk + ψk ψk
θk+1 − θk dk φk+1
wk = Edk + φk+1(θk − θk+1) Ω rk
∥
∥
∥CX̂k − Yk
∥
∥
∥
2
2
=
∥
∥
∥CX̃k
∥
∥
∥
2
2
rk x̃k φk θ̃k φkθ̃k =
x̃k − rk
xk−x̂k
θk − θ̂k 0 k →∞
dk = 0 θk+1 − θk = 0 Ω 0
λ
0 < λ < 1
V = eTWe =
N∑
i=1
λN−ie2i
W = diag
[
λN−i · · ·λ 1
]
τ λτ
τ = 11−λ Pk
Kk
{
Kk = Pk−1ψ
T
k C
T
[
Cφk+1Pkψ
T
k C
T + λI
]−1
Pk =
1
λ
(Pk−1 −KkCφk+1Pk−1)
Pk
Pk λ
K −→ 0⇒ Pk+1 =
1
λ
Pk
λ < 1 Pk
λ
σ2e,k+1 = E
{
e2k+1
}
σ2e,k+1 = Acσ
2
e,k+1 + gσ
2
η,k
Ac g
Ac = 1− 2ρk +
n+2σ4u
a+bn
g = 1−Ac + nσ
2
u
a+bn
a =
(
ρ2k + ρ̃k
)
σ4u, b = ρ̃kσ
4
u
ρk =
1− λk
1− λ
∼= 1
1− λ
ρ̃k =
1− λ2k
1− λ2
∼= 1
1− λ2
σ2e
∂σ2
e(k+1)
∂λ
= Ac
∂σ2
e(k)
∂λ
+
∂Ac
∂λ
σ2e(k) + g
∂σ2
η(k)
∂λ
+
∂g
∂λ
σ2η(k)
σ2
e(k+1) = ασ
2
e(k) + (1− α)σ2η(k)
σ2
η(k+1) = βσ
2
e(k) + (1− β)σ2η(k)
, β > α



λk+1 =
[
λk − µ
∂σ2
e(k+1)
∂λ
]λ+
λ
−
Kk+1 = Pkψ
T
k+1C
T
[
Cψk+1Pkψ
T
k+1C
T + λk+1I
]−1
Γk+1 = I −Kk+1Cψk+1
Pk+1 = Γk+1Pk
µ
µ α β
λk+1
λ+ λ−
{
msz̈s = −ks(zs − zus)− FMR
musz̈us = ks(zs − zus) + FMR − kt(zus − zr)
FMR Fd
FMR = c(u)żdef
c(u) u(t)
F [N ]
żdef [m/s]
cmin
cmax
c0
u
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żdef [m/s]
F
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e
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Fonction de Clip
 
 
FMR
F ∗MR
cmin ≤ c ≤ cmax
c0 =
cmin+cmax
2
FMR = c(u)żdef = c0żdef + u
D
D
D(FMR, żdef ) 7→ F ∗MR =
{
FMR FMR ∈ D
F⊥MR FMR /∈ D
F⊥MR
F̄MR = (1− α)(c0żdef + u)
F̄MR α ∈ [0, 1]
α = 0.3 floss 30%
70% FMR








żs
z̈s
żus
z̈us





=





0 1 0 0
− ks
ms
(1− α) c0
ms
ks
ms
−(1− α) c0
ms
0 0 0 1
ks
mus
(1− α) c0
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−(1− α) c0
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

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
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
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żs
zus
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
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
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




0
−(1− α) 1
ms
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(1− α) 1
mus





u+





0
0
0
kt
mus





zr
[
zdef
żdef
]
=
[
1 0 −1 0
0 1 0 −1
]





zs
żs
zus
żus





x =
[
zs żs zus żus
]T
d = zr θ = α y =
[
zdef żdef
]T
As =





0 1 0 0
− ks
ms
c0
ms
ks
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− c0
ms
0 0 0 1
ks
mus
c0
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−ks+kt
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− c0
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

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


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− 1
ms
0
1
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




ψ =





0
1
ms
0
− 1
mus





(c0y2 + u)
{
ẋ = Asx+Bsu+ Ed+ ψθ
y = Cx
{
xk+1 = Adxk +Bduk + Eddk + ψkθk
yk = Cxk
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
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Υk+1 = (A− LC)Υk + ψk
θ̂k+1 = θ̂k + µkΥ
T
kC
T (y − Cx̂k)
x̂k+1 = Ax̂k +Buk + ψkθ̂k
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H∞
θ
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H∞
H∞

mv(β̇ + ψ̇) = Ftyf + Ftyr + Fdy
Izψ̈ = lfFtyf − lrFtyr +Mdz
Ftyf Ftyr β
F̄tyf = cyfβyf
F̄tyr = cyrβyr
Ftyij = F̄tyij + Γij
Γij Ftyij
• Ftyf = F̄tyf Γij ∼= 0
• Γij 6= 0
• Ftyf
mv(β̇ + ψ̇) = cyf
(
δ − β + lf ψ̇
v
)
+ Γyf + cyr
(
−β + lrψ̇
v
)
+ Γyr + Fdy
Izψ̈ = lfcyf
(
δ − β + lf ψ̇
v
)
lfΓyf − lrcyr
(
−β + lrψ̇
v
)
− lrΓyr +Mdz
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Force latérale du pneu (pour µ et Fz donné)
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]
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

− cr+cf
mv(t)
crlr−cf lf
mv2(t)
− 1
crlr−cf lf
Iz
− crl
2
r+cf l
2
f
Izv(t)


[
β(t)
ψ̇(t)
]
+
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cf
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Iz
]
uL(t)
+
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1
mv
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− lf
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][
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]
+
[
1
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]
Fw
y =
[
0 1
]
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ψ̇(t)
]
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Γf Γr
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+
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[
Fw
Γyf
]
{
ẋ = Āαx+ B̄αu+ Ēd,αd+ Ēf,αf
y = Cαx
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Force latérale du pneu pour différentes valeurs de Fz
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Fty
F̂ty
Fzi = (ms +mus)g
li
lr + lf
+ Fzloadi
Fzloadi
Ftyij = Dy
[
Cy
(
Byβyij − Ey(Byβyij −
(
Byβyij
))]
Cy By Dy Ey
Fzi
Dy(Fzi) = a1F
2
zi
+ a2Fzi
By(Fzi) = a3
(a4 (a5Fzi)))
CyDy(Fzi)
Ey(Fzi) = a6F
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+ a7Fzi + a8
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cyi Fzi
cyi(Fzi) = By(Fzi)CyDy(Fzi)
cyi
cyi
{
ẋ = Āαx+ B̄αu+ Ed,αd+ Ef,αf
y = Cαx
Γf
Ā =


− cr+cf
mv
+∆(
cr+cf
mv
)
crlr−cf lf
mv2
− 1 + ∆( crlr−cf lf
mv2
)
crlr−cf lf
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crlr−cf lf
Iz
) − crl
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2
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crl
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2
f
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[
cf
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crlf
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crlf
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)
]
Ed =
[
1
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lr
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]
Ef =
[
1
mv
− lf
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]
Aα =

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− cr+cf
mvα
crlr−cf lf
mv2α
− 1
crlr−cf lf
Iz
− crl
2
r+cf l
2
f
Izvα

 , HA,α =


cr+cf
5mvα
4(crlr−cf lf )
mv2α
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Iz
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2
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
Bα =
[
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]
, HB,α =
[
0.06cf
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0.23crlf
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]
Ed,α =
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1
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]
Ef,α =
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]
Cα =
[
0 1
]
, Dα = 0, Fd,α = 0 Ff,α = 0
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H∞
H−/H∞
H−
H−/H∞
H∞
• H−/H∞
H−/H∞
•
H2/H∞ u = u1 + u2
u1
H2
ε2u,f = min
u1∈Rm
∥
∥
∥Bαu1 + Ef,αf̂
∥
∥
∥
2
2
u2
H∞
{
ẋ = Āαx+ B̄α(u1 + u2) + Ēd,αd+ Ēf,αf
y = Cαx+ Fd,αd+ Ff,αf
•

ρ1
f(x) = 11−x x = 0
1
1− x = 1 + x+ x
2 + x3 + o(x3)
v(t) = vi − δvδ(t) −1 ≤ δ(t) ≤ 1
ρ1(t) =
1
v(t)
ρ1(t) =
1
vi − δvδ(t)
=
1
vi
(
1
1− δvδ(t)
vi
)
∼= 1
vi
(
1− δvδ(t)
vi
)
ρ1(t) =
1
vi
− δv
v2i
δ(t)
ρ2
f(x) = (1 + x)n x = 0
(1 + x)n = 1 + nx+
n(n− 1)
2!
x2 + o(x2)
ρ2(t) =
1
v2(t)
ρ2(t) =
1
(vi − δvδ(t))2
=
1
vi



1
(
1− δvδ(t)
vi
)2



∼= 1
vi
(
1− 2δvδ(t)
vi
)
ρ1 =
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vi
− 2δv
v2i
δ(t)
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